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Abstract
The Power and Limits of Convex Relaxations:
Power Systems and Integer Programming

Matias Javier Villagra-Morales

This dissertation studies the design and analysis of convex relaxations for optimization problems
arising in power systems and integer programming. Convex relaxations play a central role in modern
optimization, yet their effectiveness depends critically on structure, scalability, and modeling
choices.

In the first chapter, we leverage structural properties of power flow equations to develop scal-
able linear cutting-plane methods that tightly approximate second-order cone relaxations of the
Alternating-Current Optimal Power Flow (ACOPF) problem. The proposed approach yields relax-
ations that are accurate, numerically stable, and amenable to warm-starting, enabling the solution
of large-scale multi-period instances with millions of variables and constraints. By preserving key
physical features, such as nonnegative active power losses, the resulting relaxations are tight and
produce high-quality bounds. These methods support applications such as real-time operations and
the computation of nodal electricity prices at a fraction of the computational cost of existing convex
nonlinear approaches.

In the second chapter, we take a complementary perspective by analyzing the performance of
convex relaxations for structured integer programs. We investigate the role of symmetry in lift-and-
project hierarchies and introduce a framework based on k-transitivity to quantify symmetry and

characterize when these hierarchies succeed or fail to strengthen the standard linear programming



relaxation. Our results show that symmetry can fundamentally limit the strength of classical
hierarchies. We identify structural properties that govern the effectiveness of convex relaxations in
symmetric settings, with implications for integrality gaps and algorithmic performance.

Together, these contributions demonstrate that carefully designed linear relaxations can achieve
both high accuracy and scalability, while revealing fundamental limitations of existing methods
in structured settings. They provide new insights for developing structure-aware optimization

techniques across both continuous and discrete domains.
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Chapter 1: Introduction

1.1 Convex Relaxations as a Unifying Framework

This dissertation develops techniques for solving challenging continuous optimization problems
and studies the capabilities and limitations of relaxation-based approaches for discrete optimization,
combining practical algorithmic contributions with theoretical insights. The problems we consider
differ significantly in their sources of difficulty. Continuous optimization problems arising in
power systems are often large-scale, numerically challenging, and exhibit complex nonlinear and
nonconvex behavior. In contrast, the difficulty of the discrete problems we study stems from more
subtle structural properties, most notably symmetry.

Despite these differences, a unifying theme of this work is the use of convex relaxations as a
tool for both computation and analysis. In the continuous setting, we develop new accurate and
scalable relaxations for the Alternating-Current Optimal Power Flow problem. In the discrete
setting, we study the behavior of classical relaxations for structured integer programs, and provide a
new perspective on their limitations and capabilities. More broadly, our approach is guided by the
principle that problem structure can be exploited in two complementary ways: (i) to design effective
relaxations, and (ii) to understand the conditions under which relaxations are informative.

At a fundamental level, our work is driven by a central question that arises in solving hard
optimization problems: given a candidate solution, how good is it? The “goodness” of a solution
can refer to feasibility, whether it satisfies all constraints, or to optimality, how its cost compares to
the (usually unknown) true optimal value. In practice, such assessments often need to be performed
in real time, which calls for fast methods that provide certifiable guarantees.

The paradigm of a relaxation offers a powerful tool for addressing this challenge. A relaxation

replaces a difficult optimization problem with a simpler version, typically by loosening some of its



constraints, where, ideally, solutions can be obtained with greater speed and reliability. Crucially,
the value of the relaxed problem provides a bound on the cost of the optimum: because constraints
have been relaxed, the bound cannot be worse than the true optimum. This bound serves as a
rigorous benchmark for assessing the quality of candidate solutions. Relaxations are therefore a
central tool in modern optimization.

Overall, this dissertation highlights how relaxations provide both effective computational tools
for bounding difficult optimization problems and a lens for understanding the structural features

that govern their complexity.

1.2 Research Overview

1.2.1 Mathematical Optimization for Power Systems

Modernizing power systems has become a global priority, as reliable and efficient electricity
networks are essential to the energy transition and to climate resilience. Around the world, electric
grids are being reconfigured. In the U.S., for example, the Department of Energy (DOE) projected
that by 2030 the electric power grid, one of the most complex engineered systems, would undergo
unprecedented changes: active household participation in generation, greater reliance on renew-
ables, the integration of storage technologies, and the emergence of more decentralized market
structures [1]. These trends have continued to accelerate in recent years; see, e.g., [2]. At the same
time, surges in demand from new industrial facilities, data centers, electric vehicles, and artificial
intelligence are straining existing infrastructure. These developments highlight both the urgency
and the global relevance of the problem. In the U.S. alone, it has been estimated that improvements
in power system optimization could reduce total electricity costs by 5-10% annually, corresponding
to savings of $6—19 billion USD per year [3].

At the heart of these challenges lies the Alternating-Current Optimal Power Flow (ACOPF)
problem, which governs the secure and efficient dispatch of electricity across the network. ACOPF
minimizes generation costs while ensuring that power flows satisfy both physical laws and oper-

ational constraints. The scale of modern power systems, combined with the highly intricate and
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nonconvex nature of AC power flows, makes this problem computationally challenging.

Despite this complexity, Independent System Operators (ISOs), the entities responsible for
market clearing and system operation, must compute dispatch decisions, or approximations thereof,
at high frequency, often every few minutes [4]. These approximations can be particularly inaccurate
under stressed network conditions, where transmission constraints become binding, leading to
significant economic inefficiencies.

Given these challenges, it is imperative to develop methods that produce high-quality feasible
solutions while providing reliable assessments of their optimality in a timely manner. State-of-the-
art interior-point methods compute high-quality solutions but provide no guarantees on solution
quality, while strong lower bounds from nonlinear convex relaxations do not scale to large instances.
This gap between scalability and certification is a central challenge in power systems optimization.

In addition to determining dispatch, the solution to ACOPF underlies the computation of
electricity prices, which are used to signal scarcity and allocate resources in the market. However,
the nonconvexities inherent in ACOPF complicate the derivation of prices that reflect true system
marginal costs, since competitive equilibrium pricing relies on convexity and strong duality. In
practice, pricing therefore relies on simplified models, most notably the Direct-Current (DC)
approximation of ACOPE. While computationally tractable, these models fail to capture key aspects
of network physics, leading to distorted price signals and a poor representation of congestion.

This work addresses these limitations by developing scalable and numerically robust linear
relaxations of ACOPF that tightly approximate the underlying nonlinear constraints, enabling both
accurate solution quality guarantees and the computation of price signals that more faithfully reflect
network congestion and system marginal costs. The resulting methods support warm-starting
under realistic system changes and extend naturally to multi-period settings, making them suitable
for real-time and dynamic grid operations. We further provide theoretical justification for the
strength of convex relaxations for ACOPF and demonstrate, through computational experiments,
that our approach delivers tight and scalable bounds on large-scale instances where nonlinear convex

relaxations are computationally prohibitive.



1.2.2 Symmetry and Relaxations in Integer Programming

Symmetries can be broadly understood as transformations that preserve the structural properties
of an object. In optimization, such symmetries — whether inherent to the problem or induced by its
formulation — typically act on the feasible region and the objective function. They are ubiquitous in
optimization: for instance, at least 36% of the instances in MIPLIB 2010 exhibit nontrivial symme-
tries [5], [6]. It is well established that symmetry can adversely affect algorithmic performance in
integer programming. The traditional and widely studied viewpoint is that symmetries degrade the
efficiency of branch-and-bound-based algorithms by causing redundant exploration of equivalent
solutions.

There is also substantial evidence that classical convex relaxations of well-known symmetric
integer programs — such as the vertex formulation of Maximum Stable Set, Minimum Knapsack, and
the edge formulation of Maximum Matching — are often weak, yielding fractional solutions far from
the integer optimum. This has led to significant interest in understanding the power of hierarchies
for such problems. These hierarchies are systematic operators that progressively strengthen linear
programming relaxations, with the goal of closing the gap between fractional and integer solutions.

Motivated by these observations, we introduce a new and complementary perspective. Our work
shows that symmetry can also have a fundamental impact on the strength of convex relaxations of
binary integer programs. While the weakness of relaxations for symmetric problems has long been
observed, there has been no unified framework to explain this phenomenon.

We develop such a framework by studying the behavior of lift-and-project operators under
symmetry. By leveraging concepts from computational group theory, we identify a property that
depends only on the symmetries of the linear programming relaxation and fully characterizes the
strength of the relaxations produced by these operators, abstracting away from specific problem
classes. This perspective further reveals that, although these operators can produce significantly
different relaxations in general, under symmetry they collapse in strength. In particular, they become
equivalent as cutting-plane proof systems: they yield the same certificates for improving linear

programming bounds by eliminating the fractional (integer-empty) optimal LP face. This collapse
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exposes deep structural properties that can be further exploited algorithmically.

This work contributes to the structural understanding of symmetry in integer optimization
and provides new insights into the behavior of classical convex relaxations in symmetric settings.
Beyond its theoretical implications, it also informs the design of stronger formulations and is

relevant for practitioners and solver developers.

1.3 Preliminaries and Notation

In this section we introduce some general notation and definitions that will be used in throughout

this dissertation. We follow standard conventions in mathematical optimization and linear algebra.

1.3.1 Linear Algebra

We denote the set of natural numbers by N, the set of rational numbers by Q, the set of real
numbers by R, and the set of complex numbers by C. We denote by j := /—1 the imaginary unit,
and for z = a + jb € C we write Rz := a, Sz == b and z* = a — jb. For n € N we denote
{1,...,n} by [n]. We denote the empty set by (). For a vector z € K", where K € {Q,R, C}, we
denote its i-th component by x; for i € [n]. We denote its Euclidean norm by ||z||» and omit the
subscript when it is clear from context. For a matrix A € K>, we denote its (, j)-th entry by A;;
for i € [m] and j € [n]. We denote the transpose of a matrix A by A". We denote the all-ones and
all-zeros vectors in R" by 1,, and 0,,. We denote the n x n identity matrix by /,,. For the previously
defined objects, we drop the subscript when the dimension is clear from context.

Let A € R™ " be a matrix. We say that A is symmetric if A = A". Moreover, the matrix A is
called positive semi-definite if it is symmetric and for all x € R™ we have that 2 " Az > 0, while it
is positive definite if x € R™ \ {0}, 2" Az > 0. Equivalently, a matrix is positive semi-definite if it
is symmetric and all of its eigenvalues are non-negative, and positive definite if all its eigenvalues
are positive. The set of symmetric, positive semi-definite and positive definite matrices in R™*"
will be denoted by S", S” and S}, respectively. We use A = 0 to denote that A is positive

semidefinite (PSD) over R. For A, B € R"*", we define the standard (Frobenius) inner-product



(-,-)as (A, B) == trace(A" B),
Given X C R", we denote its convex hull as conv(X). Recall that if X is finite than conv(X)

is a called a polytope. Moreover, recall that every affine set X in R" can be expressed as

X=FE+zy={s+x : s€E},

where F is subspace of R", and z is any point in X. The dimension of the set X, denoted by

dim(X), is defined as the dimension of the subspace £/ = X — xy.

1.3.2 Computational Complexity

We follow the exposition in [7]. We adopt the standard asymptotic notation to describe the
limiting behavior of functions. Let f, g : N — R,. We say that f(n) = O(g(n)) if there exist C' > 0
and ng such that f(n) < C g(n) for all n > ng, and f(n) = o(g(n)) if for every ¢ > 0 there exists
nq such that f(n) < cg(n) for all n > n;. Analogously, f(n) = Q(g(n)) and f(n) = w(g(n)) are
defined by reversing the inequality. Finally, we say that f(n) = ©(g(n)) if there exist constants

C4,Cy > 0 and ny such that C1g(n) < f(n) < Cag(n) for all n > ns.

Size of Problems Consider the alphabet 3. := {0, 1}. Its elements are called symbols. An ordered
finite sequence of symbols from X is called a string. >* stands for the collection of all strings
of symbols from 3. The size of a string is the number of its components. The string of size 0 is
the empty string, which we denote by (). Strings can have the form of finite sequences of rational
numbers, matrices, graphs, systems of linear inequalities, and so on. Given a rational number
a = p/q, where p and g are relatively prime integers, using our definition of size, we can its size
as the numbers of size(a) = 1 + [log,y(|p| + 1)| + [logy(|g| + 1)], i.e., the number of {0,1}
bits required to encode its binary representation. Naturally, the size of a rational m X n matrix
A = (ij)iem),jen) can be defined as size(A) = mn + _, ;size(«; ;). Therefore, the size of a
system Az > bis equal to 1 + size(A) + size(b). The size of a (directed or undirected) graph is

equal to the size of its incidence matrix.



Problems, Algorithms, and Complexity Classes A problem is a subset I of >* x ¥* defined as
follows: given a string z € ¥, find a string y € ¥* such that (z,y) € II, or decide that no such
string y exists. Here the string z is called an instance or the input of the problem, and y is called a
solution or the output. A problem II is a decision problem if for each (z,y) in II, y is the empty
string (). In that case, the problem is usually identified with the set £ of strings in z € X* for which
(z,0) belongs to I1. For a given input z € X*, algorithm R for problem IT C ¥* x 3* determines an
output y such that (z,y) is in II, or stops without delivering an output if there exists no such y. We
say that R solves problem II, if for any instance z of II, when giving the string (A, z) to a “universal
Turing machine”, the machine stops after a finite number of steps, while delivering a string y with
(z,y) in I1, or delivering no string in the case where such a string does not exist. We define the
running time of an algorithm R as the function f : Z; — Z, defined by f(o) := Zﬁg;g}){éat(A, ),
there t(A, z) is defined as the number of moves the “head” of a universal Turing machine makes
before stopping, when it is given the input (A, z). An algorithm is called polynomial-time if its
running time f(0) € O(g(o)), where g is some polynomial function. A problem is said to be
solvable in polynomial time if the problem can be solved by a polynomial-time algorithm.

The class of decision problems solvable in polynomial time is denoted by P. Formally, a decision
problem £ C 3* belongs to the class NP if there exists a polynomially solvable decision problem
L' C ¥* x ¥* and a polynomial ¢ such that for each z in ¥*: z in £ if and only if there exists y
in X* such that (z, y) belongs to £ and the size(y) < ¢(size(z)). A decision problem £ C ¥* is
called Karp-reducible to a decision problem £’ C ¥* if there is a polynomial-time algorithm R
such that for every input string z € ¥*, R outputs a string z, such that z in £ if and only if x in
L'. The class NIP-complete is defined as the subclass of problems in NP that are the hardest under
Karp-reductions. In other words, a decision problem L is NIP-complete if £ belongs to NP and each
problem in NIP is Karp-reducible to £. Finally, a problem (not necessarily a decision problem) is

NP-hard if every problem in NP is Karp-reducible to it.



1.3.3 Optimization Problem Classes

We say that a function f : R" — R is a quadratic function if there exists a triple (Q, ¢, qo) €
R™"™ x R™ x R such that f(z) = 2"Qx + ¢z + q for all z € R™. A function f : R®" — Risa
convex quadratic function if it is a quadratic function and the matrix () is positive semi-definite. We
say that it is an affine function, or slightly abusing notation linear function, if it is a convex quadratic
function with ) = 0.

Letm € Nand f,g; : R" — R fori € [m] be quadratic functions. Consider the following

optimization problem:

min  f(x) (1.1)

s.t. gi(x) <0 i€ [m]. (1.2)

If the functions f and g; are arbitrary quadratic functions, the problem is called a quadratically
constrained quadratic program (QCQP). If they are convex quadratic functions, the problem is
called a convex quadratically constrained quadratic program (convex QCQP). This class includes
second-order cone programs (SOCPs), as constraints of the form ||z || < ¢ can be expressed using
convex quadratic functions. If f is quadratic while the functions g; are affine we say that the problem
is a quadratic program (QP). Finally, if all the functions are affine, we say that the problem is a
linear program (LP).

Moreover, if f is linear the functions g; are either affine or pairs of the form z;(1 — x;) < 0
and —x;(1 — z;) < 0, which are equivalent to the constraint z;(1 — z;) =0 <= xz; € {0, 1}, the
optimization problem (1.1) can model discrete decisions. In other words, the above problem has
affine and integrality constraints. These problems are broadly called mixed integer (binary) linear
program (MILP).

The class of QCQP is very general and expressive — it can model a myriad of problems and
applications [8]. It is known that if the functions f, g; are polynomials, then they can be represented

as quadratic functions by introducing additional variables and constraints. QCQPs belong to the



broader class of nonconvex optimization problems, which includes, for instance, problems with
nondifferentiable functions.
Finally, we introduce semidefinite programs (SDPs), which are convex optimization problems

of the form

min (C,X) (1.3)
S.t. <AZ,X> = bZ 1€ [m], (14)
X = 0. (1.5)

where C, A; € R™", and b; € R for i € [m]. SDPs are highly expressive within convex opti-
mization, as they can model linear programs, convex quadratic programs, and convex quadratically
constrained quadratic programs, including second-order cone programs. Semidefinite programs
play a central role in convex relaxation methods, as they often provide tight approximations for
many nonconvex problems.

In general, the decision version of QCQP is NIP-hard, even in very restricted forms. For instance,
QP is NIP-complete even when the objective has exactly one negative eigenvalue [9]. The decision
version of MILP is NPP-complete [7].

In contrast, semidefinite programs admit polynomial-time algorithms that compute s-optimal
solutions, with complexity polynomial in the input size and log(1/¢); see, e.g., [10].

For background on convex optimization, we refer the reader to classical texts [10], [11]. For

integer programming, see [7], [12], and for general QCQPs, see [8].



Chapter 2: Mathematical Optimization for Power Systems

2.1 Introduction

The Alternating-Current Optimal Power Flow problem is a well-known challenging compu-
tational task.! It is nonlinear, nonconvex and with feasible region that may be disconnected;
see [17], [18] and Proposition 2.12. In [19], [20] it is shown that the feasibility version of the
problem is strongly NP-hard, and [21] proved that this decision problem is weakly NP-hard on
star-networks (see Section 2.11).

In the current state-of-the-art special-purpose interior point methods are empirically successful
at computing very good solutions but cannot provide any bounds on solution quality. Strong lower
bounds are available through second-order cone (SOC) relaxations [22], [23]; however all solvers
struggle when handling such relaxations for large or even medium cases (see [24]; we will provide
additional evidence for this point). Tighter semidefinite programming (SDP) relaxations can, in
principle, yield improved bounds; however, they may also produce bounds that are invalid in practice
due to numerical issues, as reported in [25], [26]. Other techniques, such as spatial-branch-and-
bound methods applied to McCormick (linear) relaxations of quadratically-constrained formulations
for ACOPE, tend to yield poor performance unless augmented by said SOC inequalities — interior
point methods are still needed for upper bounds.

These challenges carry over directly to price formation in electricity markets. Rapid computation
of prices is critical for real-time market operations. A common simplification is to use DC power

flow models, which significantly reduce computational burden but may fail to accurately capture

"This chapter is based on joint work with Daniel Bienstock, Matias Romero, and Felipe Verastegui [13], [14], [15],
[16], extended with additional exposition and results. I gratefully acknowledge support from the Advanced Research
Projects Agency-Energy (ARPA-E) through a Grid Optimization Competition Award, as well as a travel award from the
Mixed Integer Programming (MIP) Workshop, organized by the Mixed Integer Programming Society (MIPS), and a
fellowship from the W. Edwards Deming Center at Columbia Business School.
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congestion effects, leading to biased prices and nontrivial post-market adjustments by system

operators. While convex nonlinear relaxations, such as those in [22], [24], can yield less biased

price signals on small networks [27], their practical use in market applications is limited by the

same scalability challenges described above.

In this chapter we present fast linear cutting-plane methods used to obtain tight relaxations for

ACOPEF, and its multi-period extension with ramping constraints, by appropriately handling convex

nonlinear relaxations. Our approach scales well to the largest ACOPF instances currently available

and multi-period extensions. Our research thrust is motivated by the following key observations:

)

Linearly constrained convex quadratic optimization technology is, at this point, very mature —
many solvers are able to handle massively large instances quickly and robustly; these attributes
extend to the case where formulations are dynamically constructed and updated, as would be

the case with a cutting-plane algorithm.

(2) Whereas the strength of the SOCP and SDP relaxations has been recognized for some time,

3)

“4)

an adequate theoretical understanding for this behavior was not available.

In power engineering practice, it is often the case that a power flow problem (either in the AC
or DC version) is solved on data that reflects a recent, and likely limited, update on a case
that was previously handled. In power engineering language, a ’prior solution’ was computed,
and the problem is not solved ’from scratch.” In the context of our type of algorithm, this
feature opens the door for the use of warm-started formulations, i.e., the application of a
cutting plane procedure that leverages previously computed cuts to obtain sharp bounds more

rapidly than from scratch.

Finally, linearly constrained convex quadratic optimization enjoys favorable duality properties,
which enable effective and scalable pricing schemes, i.e., extensions of the locational marginal
pricing (LMP) framework currently used for real-time and day-ahead energy markets [28],

[29], [30].
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Contributions

» We describe very tight and numerically stable linearly constrained relaxations for ACOPE. The
relaxations can be constructed and solved robustly and quickly via a cutting-plane algorithm
that relies on proper cut management. On medium to very large instances our algorithm is
competitive with or better than what was previously possible using nonlinear relaxations,
both in terms of bound quality and solution speed. The robustness of our method is especially
prominent in the multi-period setting, where our method is able to provide tight lower bounds
with high accuracy, while the nonlinear relaxations are simply out of reach for nonlinear

solvers (Sections 2.5.5 and 2.6).

* We provide a theoretical justification for the tightness of the SOCP relaxation for ACOPF as
well as for the use of our linear relaxations. As we argue, the SOC constraints (or tight relax-
ations thereof, or equivalent formulations) are necessary in order to achieve a tight relaxation.
More precisely, we point out that the (linear) active-power loss inequalities (introduced in
[31]) are outer-cone envelope approximations for the SOC constraints. Moreover, the linear
loss inequalities provide a fairly tight relaxation because they imply that every unit of demand
and loss is matched by a corresponding unit of generation (a fact not otherwise guaranteed)

via a flow-decomposition argument [32] (Section 2.5.4).

* We demonstrate, through extensive numerical testing, that the warm-start feature for our
cutting-plane algorithm is indeed effective. It is worth noting that this capability stands
in contrast to what is possible using nonlinear (convex) solvers, in particular interior point
methods. We also show numerical convergence of the dual variables of active-power bal-
ance constraints; suggesting their stability for use in computing locational marginal prices

(Section 2.8).

* The warm-start capability yields practicable and tight relaxations for multi-period formula-
tions of ACOPF. The tightness of our formulations is certified through a heuristic for such

problems (Section 2.8).
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* We bring forth to the ACOPF literature a discussion on approximate solutions to convex
relaxations and their accuracy as lower bounds. We argue that linearly constrained relaxations
with convex quadratic objective possess robust theoretical bounding guarantees, in sharp

contrast to what nonlinear relaxations such as SOCPs can offer (Section 2.7).

* We provide a rigorous understanding of SDP relaxations for ACOPF, offering new insights
into two well-known SDP formulations and establishing theoretical justification for their

tightness (Sections 2.9.1 and 2.9.3).

* We propose a numerically stable and scalable approach to SDP relaxations for ACOPF that
exploits low-dimensional structure. In particular, we leverage SDP tightness via linear outer
approximations, without solving any SDP, and present preliminary computational results

(Sections 2.9.4-2.9.6).

* Building on our cutting-plane framework, we develop a scalable pricing algorithm for ACOPF,
bridging a gap in the electricity pricing literature. Our approach achieves computational
performance comparable to DCOPF, while producing active and reactive power prices that

closely match those obtained from a tight SOCP relaxation (Section 2.10).

* We correct a gap in the weak NIP-hardness proof of [21] (Section 2.11).

2.2 Background on Power Systems

A power system is an undirected network N = (B, £) of buses (nodes) B connected by branches
(edges) £, endowed with numerical parameters describing physical attributes. Each bus may house
one or more generators, or have loads (demands) attached to it. In this interconnected system,
electric power flows from generators to loads through the branches.

For modeling purposes, each branch {k,m} € £ is assigned a reference orientation, either
(k,m) or (m, k), as specified by the data. We denote by A the resulting set of directed arcs, which
contains exactly one arc per branch. This convention is standard, as network data formats inherently

assume an orientation when defining branch parameters.
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Electric power, measured in watts (W), corresponds to the rate at which energy is delivered.
This quantity is computed as the product of voltage, which represents energy per unit of charge
and is measured in volts (V), and current, which represents the flow of electric charge per unit of
time and is measured in amperes (A). Depending on how voltage and current evolve over time,
power can be delivered in the form of direct current (DC), where these quantities are constant, or
alternating current (AC), where they vary sinusoidally. In practice, AC is used for most generation,
transmission and consumption.

We begin with a brief introduction to the physics governing AC power flows, and then discuss the
simpler DC case. This section closely follows the presentation of power engineering fundamentals

in [32]. We refer the reader to [33] for further background on power system modeling.

AC Power Flows and Complex Numbers

In what follows, we show that voltage and current can be representated using complex numbers.
Given a branch connecting two buses k£ and m, the voltage at bus &k and current flowing from bus &
to m can be represented, at time ¢, as

vp(t) = V™ cos(wt + 6)),  igm(t) = I cos(wt + 0L ). (2.1)

— *km

The constant w is the angular frequency of the system (50 Hz or 60 Hz across different countries),
Ve and I)7 are constants representing the amplitude of voltage and current, respectively, and
0y and 0% are their respective phase angles. The instantaneous power flowing from bus & to m is

given by the product of voltage and current, i.e., pg, (t) == vg(t)irm(t), which can be expressed as
1
Prm(t) = SV I [cos(0F = Ogn) + cos(2wt + 0 + 6]

using the identity cos(a) cos(b) = 3 (cos(a — b) 4 cos(a + b)). Due to rapid system frequency,

we consider the average value of py,, () over a period of time T' = 27 /w, i.e., the power flow in
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steady-state, which is given by

T
1
P = / Prm (t)dt = 5Vkmax X cos(@,‘g/ — Qim) 2.2)
0

1
T
This quantity is called active power injected at bus k into line {k, m}. Next, we restate this quantity

in terms of complex numbers. Indeed, we can rewrite (2.1) as
up(t) = VPRI @HOD (1) = [ Red @0k
where j is the imaginary unit. Then, by defining V), == %eﬁx and Iy, = L\geﬁim, we have
Piom = [Vil [ | coS(0" = O,p) = R(ViT},)- (2:3)

The term Sk, == Vi I}, is called complex power injected at bus k into line {k, m}. Its imaginary
part Q. = (Vi I,,) is called reactive power, and is of significant importance for the efficient

and stable operation of the power grid.

The [I-Model of a Transmission Line

We describe a model that approximates the physical behavior of power flowing through a branch
{k, m}; see Figure 2.1. Without loss of generality, we adopt the reference orientation (k, m), where
the orientation determines the “from” bus, in this case bus k, and is used to define branch parameters.
We use km as a shorthand for the arc (k,m) when indexing orientation-dependent quantities, while
parameters independent of the branch orientation are indexed by {k, m}. As we will see, the AC
power flow equations for a transmission line can be fully characterized by a 2 x 2 complex matrix,
introduced below.

A transmission line is a conductive element characterized by a set of electrical parameters.
The series impedance zg, ;y = T{imy + JTikmy € C, where () is called resistance and x g, )

reactance, captures energy losses and voltage drops due to current flow. The shunt admittance
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yf,};m} = G{k,m} +Jbix.my € C, where gy ) is the shunt conductance and byy, ,,, shunt susceptance,
models the conductive and capacitive effects between the line and the ground, capturing leakage
currents and charging behavior along the line. In general, z; ny, T(k,my = 0, and 2y (g my >> T'irm)
1.e., Tr{k,m} 18 an order of magnitude larger than 7 ,,,3. Also, b?},;,m} > gf,};’m} and gfzvm} is often
set to zero. For short transmission lines b?};ﬁ,m} is typically neglected, i.e., b?’;ﬁ,m} = 0. The reciprocal
of z(xmy is called the series admittance Yy ;my = 1/ 2kikm} = Giem} + Jgk,m}> Where gy ny is the
conductance and by, .,y the susceptance of the line. We remark that gy} = 7(m}/ (r%km} —l—x%k’m})
and by ) = —Jf{k,m}/(Tfk,m} + x%km})

Moreover, the branch may also include a transformer at bus k. A transformer is a device that can
step up or step down the voltage level and introduce a phase shift in the power flowing through the
line {k, m}, thereby facilitating efficient transmission over long distances. This device is modeled
by a complex ratio Ny, = Tpme’7*n, where 4,,, > 0 is the magnitude of the transformer ratio and
Okm 18 its phase shift.

To see this, suppose that complex power Sy, = V; I}, is injected at bus k, where current I,
flows at voltage V. before entering the transformer; see Figure 2.1. The transformer scales the
voltage to Vi, /Ny, i.e., with ratio N, : 1. Since complex power is preserved, the current is
correspondingly scaled to N* Iy, so that (Vi /N ) (N Iem)* = Vil}, = Sgm. Consistent with
standard data formats, transformers are assumed to be located at the “from” bus, and thus their
definition depends on the chosen branch. This assumption is without loss of generality, since a
transformer at bus m can be equivalently represented by adjusting the ratio at bus k.>

All of this information — the series admittance, shunt elements, and transformer associated with

the line {k, m} — can be encoded in the following 2 x 2 complex admittance matrix:

my | Yikm . :
v y{%—} + % _y{k,m}m Gk + JBrk Grm + JBim
km ~— m " sh =
yih . .
_y{k,m}m Y{k,m} + % Gk + ijk Grm + ]Bmm

2Indeed, if transformers are present at both buses k and m, with ratios N, and N,,x, respectively, they can be
equivalently represented by a single transformer at bus k with ratio Nz /N
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Y(k,m) = 9{km} T J0{k,m)

— % — Vv, — I
1, sh 1, sh
Ny : 1 7Y 3Y°
J0 J0 0 0

Figure 2.1: TI-model representation of a transmission line {k, m} with a series admittance (red), a
transformer at bus k (grey), and shunt elements (green). Power injected at bus k&, Sy, flows with
current [y, at voltage V). before entering the transformer. The transformer scales the voltage to

Vi /N, hence the current is correspondingly scaled to N*I;,,. The flow then passes through the

series element y;, ,,,) and line charging devices %ySh. The symbols ”0” denote the ground reference.

Now we are ready to write the AC power flow equations for line {k, m} in terms of these coefficients.
We denote by V;, == |Vi|e?% and V,, = |V,|e?%" the complex voltages (also known as voltage
phasors) at buses k and m, respectively, and by I, and I, the complex currents flowing from bus
k to m and from bus m to k, respectively. We make use of Ohm’s Law, which states that the current

flowing between the buses k& and m along branch {k, m} is linear in the bus voltages, and is given

by:
Tim v Vie (Gri + 7Bii)Vie + (Grm + 7 Bim) Vin
Since complex power injected at bus k into line {k, m} is given by Sk, = Vi I}, , we have
Sim = ViVl (G, — 3Bik) + ViV (Grm — 7 Bim) 2.4)
= GunlVil> = 1Bl Vil* + G| Vil [Vin |/ 0m) — 5 B | Vi | Vi |7 O~ 0m) (2.5)
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Let 0}, = 0}, — 0,,,. Then, using Euler’s formula ¢/%m = cos(Oxm) + 7 sin(fk, ), we can write

Skm = Gl Vil* = 1Bl Vil* + (G| Vil |Vin| = 3 Brm [ Vil |Vin|) (€08 (81 ) + 5 Sin(Gpm) )
= Gre|Vil? + Grm| Vil [Vin| c08(0rm) + Biem| Vil [Vin| sin (O
+ (=B |Vi|* = Bim|Vi||Vin| c08(0km) + Grmn | Vie [Vin| sin(im )

Analogously, we can compute S,,;, = V,,I, and its real and imaginary parts P,,; and Q..

respectively, yielding the full set of AC power flow equations in polar coordinates:

Prm = Gir|Viel? + Gim| Vil [Vin| c08(0xm) + Biem |V || Vin| sin (O ) (2.6a)

Pk = G| Vin > + G V|| Vin| €08(0kem ) — Bunie[Vie|| Vi i (0 ) (2.6b)

Qrkm = =Bk Vi|* = Bim| Vil [Vin| c08(0m) + G| Viel Vi | 50 (6 ) (2.6¢)

Qmk = —Bimm|Vinl? = Bk Vil [Vin| €08(01m) — G| Viel | Vi | 10 (B ). (2.6d)
DC Power Flows

This power flow model is a linear approximation of AC power flows commonly used in prac-
tice [3], [34]. It is based on a number of simplifications that are approximately valid under normal

system operations. The observations this model is based on are:

1. Under normal conditions voltage magnitudes are close to their nominal values, i.e., |V}| ~ 1

forall k € B;

2. Under normal conditions voltage angle differences between connected buses are small, i.e.,

Orm =~ 0, hence cos(Or,,) ~ 1 and sin(by,,) = O, for all (k,m) € A;

3. Since 7{xmy K T(kmy and T,y 1S small, line resistances are assumed to be 0, hence

Giemy = 0and by my = —1/x gy my forall {k,m} € &;
4. Shunt elements are neglected, i.e., g7, = bf; ., = 0 forall {k,m} € €.
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Under this model active power losses are zero and reactive power is completely ignored [33].

Indeed, by applying these assumptions to the AC power flow equations (2.6), we have’:

1
P = =Py = ————(0k — 0 — Okm) (2.7a)
T{k;m}y L {k;m}

2.3 Formal Problem Statement

In standard (single-period) ACOPF we are given, as input, a power system given by an undirected
network ' := (B, £) endowed with admittance matrices Y}, for every arc (k,m) € A, a set of
generators, and a set of complex-valued loads. The objective of the problem is to set complex
voltages at the buses, and generator outputs, so as to satisfy loads at minimum cost — cost is incurred
by the generators — while transmitting power following laws of physics and equipment constraints.
A mathematical description is given above in (2.8) using the so-called polar representation, see
Section 2.2.

We denote by G the set of generators of the grid, each of which is located at some bus; for each
bus k € B, we denote by G, C G the generators at bus k. Each bus k has a fixed load Pg +7 Qg,
where P,f,l > 0 is termed active power load, and —oo < Qi < 400 is reactive power load; lower
Vmin > () and upper V" > ( voltage limits. For each branch {k, m} € £, we are given its thermal
limit 0 < Uy 1,y < +00 and maximum angle-difference |A{k,m}| < 1, and we introduce active and
reactive power flow variables Py, Pk, Qrm, and Q.

Thus, the goal is to determine the voltage magnitudes |V}| and phase angles 6 at each bus
k € B, together with active and reactive generation outputs P/ and ()7 of generators ¢ € G, so that
the active and reactive power demands are satisfied at minimum cost. These quantities constitute
the decision variables of the ACOPF formulation presented below; the remaining quantities are

fixed network and operational parameters.

3This assumes that 0, — 6,,, — Ok, is small as well.
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Figure 2.2: ACOPF Polar Formulation

[ACOPF] : min Y Fu(Pf) (2.8a)
keg
subject to:
Vbus k € B:
' Pm=)Y P -P (2.8b)
{k,m}ed(k) LEG,
Yo Qum=> Q) -QF (2.8¢)
{k,m}es(k) 0€Gy,

V branch (k,m) € A:

Prmn = Gl Vil? + Vil [Vin | (G c08(0x — 01) + B sin(0y — 0,,)) (2.8d)
Pk = G| Vin|? + Vil [Vin| (Gnk €08 (8 — 01) — Bong sin(f — 6,,)) (2.8¢)
Qrm = =Bk Vil = [Val| Vil (Bim 08 (0 — 01m) — G sin(0r, — O1)) (2.8f)
Qi = —Byum| Vil = [Viel Vin| (B cos(0k — ) + G sin(6g — On)) (2.8g)

Y generator k € G:

prin < pg < ppax (2.8h)

Q" < QL < Q™ (2.8i)
Vbus k € B:

(V™2 < [Vf? < (V)2 (2.8))
V branch {k,m} € &:

max { Pgy, + Qs P + Q) < Ughoam) (2.8K)

0k — Om| < Afimy (2.81)

In the above formulation (2.8), the physical parameters of each line (k, m) € A are described by
its complex admittance matrix Y, (see Section 2.2). These parameters are used to model, in (2.8d)-

(2.8g), active and reactive power flows. Moreover, inequalities (2.8k)-(2.81) correspond to flow
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capacity constraints, and inequalities (2.8h)-(2.8j) impose operational limits on power generation
and voltages. Constraints (2.8b)-(2.8c) impose active and reactive power balance; the left-hand side
represents power injection at bus k € B, while the right-hand side represents net power generation
(generation minus demand) at bus k. Finally, for each generator k& € G, it is customary to assume
the functions Fj : R — R in the objective (2.8a) are convex piecewise-linear or convex quadratic.

We remark that, often, constraint (2.81) is not present, and, when explicitly given, concerns
angle limits Ay, ,,y that are small (smaller than 7 /2). Under such assumptions there are equivalent
ways to restate (2.81) (the same applies to convex relaxations); see Appendix A.1. Accordingly, we
omit this constraint in what follows.*

Please refer to Section 2.9.1 and the surveys [35], [36] for alternative, but equivalent, ACOPF

formulations.

2.3.1 Multi-Period Formulation

Our techniques apply to a multi-period setting for ACOPF; this extension is important because
it corresponds to the way that energy markets are operated. We will rely on a simple multi-period
setting for ACOPF, where in each period ¢ there is a standard ACOPF formulation. The variables
for this period are linked to those other periods ¢’ # t via generator ramping constraints’ (defined
below). Other variants of this problem include “uptime/downtime" costs for generators, energy
storage reserve requirements, and network topology control, among others (see e.g. [37], [38], [39]).

The multi-period problem can be described as follows: given a time-horizon of 7" € N periods, a
time-invariant undirected network endowed with numerical parameters describing physical attributes,
and complex network loads P¢, + jQ¢, fori € Band t € {0,...,T — 1}, the goal is to set complex
voltages V; ; at the buses, and generator outputs P/, +jQ7 , fork € Gandt € {0,...,T —1},s0as
to satisfy loads at minimum cost while transmitting power following laws of physics and equipment

costs, and satisfying generator ramping constraints. For every generator k € ¢, and any time-period

“In the above formulation, for simplicity, we omit bus shunt elements (see [33]), though they are included in
our computational experiments. Under all well-known convex relaxations of ACOPF, such elements admit linear
representations in terms of squared voltage magnitudes, which are treated as decision variables.

3As a simple case, t' =t — 1.

21



t € {0,...,T — 1}, the associated ramping up and down constraints are given by®

(L+rp )P — P, >0 (2.92)

(1— r,‘it)P,fyt - P!, <0. (2.9b)

where 7}, r{, € (0,1) are the ramping up and down rates, respectively. In summary, multi-
period ACOPF for a time-invariant network (B, £) with rational data (P, Q¢,)ic5.c0,...r—1 and

(Y, Ug,m} ) {k,m)ee can be defined by (2.8) and (2.9) on variables

(Vits 0i)icBs (Pem,ts Pkt Qrmits @mie,t) {kym}ee (Pkg,taQZ,t)keg
foreacht € {0,...,T — 1}.

2.4 Prior Work on ACOPF and Relaxations

First, we briefly review the extensive literature on convex relaxations and approximations for
ACOPEF, covering both single- and multi-period formulations. We then discuss primal heuristics for

computing AC-feasible solutions.

Linear Relaxations and Approximations

The simplest relaxations use, as a starting point, a rectangular formulation of the ACOPF
problem (rather than the polar setup described above, see Section 2.9.1) yielding a QCQP and
rely on the well known McCormick [40] reformulation to linearize bilinear expressions. This
straightforward relaxation has long been known to provide very weak bounds.

We next turn to stronger linear relaxations for ACOPF. [31], [41] (also see [35]) introduce the
so-called active-power loss linear inequalities which impose the fact that on any branch the active

power loss is nonnegative. The resulting relaxation, which we term the linear-loss-relaxation, is

%Since P can potentially be negative for some generator g € G, then the latter constraints need to be formulated in
terms of the absolute value of Py.
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shown to yield good lower bounds. In a similar vein, [42] propose the network flow and the copper
plate relaxations. The network flow relaxation amounts to the linear loss-relaxation with additional
sparse linear inequalities that lower bound net reactive power losses in appropriate cases’. Moreover,
the “copper plate" relaxation is obtained from the network flow relaxation by neglecting the power
flow equations entirely via aggregation of all active and reactive power injections in the network.
Along these lines [43] provides a relaxation which enforces a (valid) linear relationship between
active and reactive power losses by relaxing linear combinations of (2.8d)-(2.8g).

The technique in [31], inspired by Glover [44], e-approximates the products of continuous
variables (arising from the rectangular formulation of ACOPF [35]), to arbitrary precision, using
binary expansions and McCormick inequalities. This process yields a mixed integer linear e-
approximation for ACOPF. Another linear e-approximation, which is based on the Jabr relaxation, is
used in [45]. Their main contribution is using a polyhedral approximation of SOCs developed in [46]
which requires O(k,log(1/¢)) linear constraints and additional variables to e-approximate a conic
constraint of row size k;, € N. One of the algorithms in [47] is a successive linear programming
(SLP) method — originally introduced by Kelley in [48] to address convex problems — which is
applied to the Jabr relaxation. This process yields a linear relaxation for ACOPF, which was [47] on
instances with up to 3375 buses.

The well-known, and widely used in practice, Direct Current Optimal Power Flow (DCOPF)
model is a linear approximation for ACOPF [3], [34]. It is based on a number of simplifications
that are approximately valid under normal system operations; under this formulation active power
losses are zero and reactive power is completely ignored [33]. A main drawback of this formulation
is that AC-feasible solutions might not even be feasible for DCOPF [49] — losses are the main
cause of infeasibility — in contrast to the previously mentioned linear e-approximations. In any case,
this linear model is the canonical approximation of ACOPF for many extensions and applications
such as welfare maximization and pricing in energy markets, day-ahead security-constrained unit

commitment (SCUC), real-time security-constrained dispatch (SCD) and transmission switching

"Note that it is physically possible to have reactive power gains, i.e., negative reactive losses, see [33]).
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(TS) among many others.

SOCP Relaxations

The SOCP relaxation introduced in [22], which is widely known as the Jabr relaxation (see
Section 2.5.1), has had significant impact due to its effectiveness as a lower bounding technique.
Briefly, it linearizes the power flow definitions (2.8d)-(2.8g) using |B| + 2|£| additional variables
and adds |€| valid SOC inequalities (see Section 2.5.1 for a complete derivation). Moreover, in [22]
it is shown that for radial transmission networks, i.e., networks that have a tree structure, the load
flow problem can be solved via an SOCP whose conic constraints correspond to the latter SOC
inequalities. While on the one hand the SOCP relaxation is strong, it also yields formulations that,
in the case of large ACOPF instances, are very challenging even for the best solvers.

A wide variety of techniques have been proposed to strengthen the Jabr relaxation. In [23]
arctangent constraints are associated with cycles, with the goal of capturing the relationship between
the additional variables in the Jabr relaxation and phase angles — these are formulated as bilinear
constraints, and then linearized via McCormick inequalities. The two other strengthened SOCP
formulations proposed in [23] add polyhedral envelopes for arctangent functions, and dynamically
generate semi-definite cuts for cycles in the network. [25] proposes a minor-based formulation
for ACOPF (which is a reformulation of the rank-one constraints in the QCQP formulation for
ACOPF [35]), which is relaxed to generate cutting-planes improving on the tightness of the Jabr
relaxation.

A stronger SOCP relaxation than the Jabr relaxation arises from a rotated-cone inequality
derived from a convex relaxation of the relationship between complex power, voltage, and current.
This inequality was introduced in [S0] and, to the best of our knowledge, this was its first use in an
optimization context. We refer to this inequality as the i2 inequality, and to the SOCP relaxation
obtained by incorporating it as the i2 relaxation (see Section 2.5.2). The Quadratic Convex (QC)
relaxation of [24] incorporates the i2 inequality and strengthens it through polyhedral envelopes

for the sine, cosine, and bilinear terms appearing in the power flow definitions (2.8d)-(2.8g). More
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recently, [51] proposed a novel machine learning-based approach for obtaining fast dual bounds for

the Jabr relaxation on instances with up to 2869 buses.

SDP Relaxations

There is an extensive literature on semidefinite programming relaxations for ACOPF. In [52], a
real SDP relaxation was introduced, based on the Shor relaxation [53], and later further developed
in [54]. This formulation is at least as tight as the Jabr relaxation at the expense of higher com-
putational cost [25]. In [54] it is proven that the SDP relaxation achieves zero duality gap under
appropriate network assumptions. Moreover, a complex SDP relaxation was proposed in [55] and
subsequently used in [56] to establish the equivalence between the branch-flow and bus-injection
models of ACOPF (see [35]). We refer to Section 2.9.2 for a presentation of SDP formulations.

Experiments with SDP relaxations have been constrained by current SDP technology capabilities.
However, promising efforts have been made to improve scalability through clique decomposition
techniques that leverage the sparsity of the network [57], [58], [59], [60]. Finally, moment relax-
ations have been studied in [61], [62], [63]. In all of these works, a small minimum resistance
is enforced on all transmission lines, which appears to be necessary for achieving numerical
convergence of the corresponding SDP implementations.

We also note that in [25], cuts are introduced to strengthen an SOCP relaxation of ACOPE, al-
though their computation requires solving an SDP. Other types of cuts have also been proposed, such

as the polynomial determinant cuts in [64], which, however, are nonlinear polynomial inequalities.

We refer the reader to the comprehensive survey in [35] for further background on convex

relaxations for single-period ACOPF; see also [36], [65].

Multi-Period Relaxations and Approximations

Single-period nonlinear convex relaxations can naturally be extended to multi-period ACOPF.
To the best of our knowledge, all of the prior computational experiments address small to medium-

sized cases — which is not surprising given that the single-period (nonlinear) convex relaxations
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are already challenging enough (see e.g. Section 2.8.1). It is worth mentioning that most research
in the multi-period setting has focused on obtaining AC primal bounds for models incorporating a
variety of operational constraints and extensions, rather than on computing strong lower bounds.
Multi-period Jabr SOCPs are solved in: [66] to find approximate solutions to a robust multi-period
ACOPF; [67] and [68] as subproblems of Benders decomposition algorithms for AC-constrained
UC,; [69] for SOC-constrained UC; and a multi-period mixed integer Jabr SOCP is solved [70] for
AC-constrained UC.

Moreover, [71] solves a sequence of Jabr SOCP relaxations using penalty terms to enforce
AC feasibility. On the other hand, notable linear approximations for multi-period ACOPF are the
copper-plate linear, DCOPF, and strengthened versions of DCOPF [72] which account for reactive
power and voltage magnitudes. These approximations are key ingredients for solving scalable UC or
Security Constrained ACOPF (SC-ACOPF). In [73] a linearized multi-period Security Constrained

Stochastic ACOPF based on the strengthened DC approximation [72] is presented.

Primal Heuristics

Next, we succinctly review literature on heuristics — mostly based on convex relaxations or
linear approximations — used to find AC-feasible solutions. In the single-period setting, the linear
programming Hot-Start and Warm-Start approximation models are proposed in [74] for finding
locally optimal single-period AC solutions. The Hot-Start model assumes there is a solved AC
base-point solution available, and it uses to fix voltage magnitudes in the power AC power flow
definitions. Moreover, they approximate sin(€) by 6 and use a linear convex approximation of cos(6)
(under the assumption 6 € (—m/2,7/2)). Since fixing the voltages might be too restrictive in some
cases, their Warm-Start model chooses takes a subset of the buses as target buses, and linearizes
deviations from the targeted voltage magnitudes. In [37] and [47] SLP algorithms are proposed for
finding locally optimal single-period AC solutions on small-to medium-sized instances. These SLP-
based methods were shown to produce solutions with runtimes competitive with contemporary NLP

solvers, although convergence was assessed using relatively loose feasibility tolerances (typically
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on the order of 107?), and feasibility statistics were reported primarily in terms of average residuals.

With respect to the multi-period setting, [75] presents an outer-approximation iterative algorithm
for the UC problem with AC network constraints (i.e, an multi-period ACOPF is being solved) —
this method solves a finite sequence of MILP master problems and nonlinear subproblems (ACOPF
with fixed binary variables). The nonlinear subproblems are tackled using the SLP presented in [76].
Moreover, in [67] an SLP is used as a penalty method to recover a UC problem with AC-constraints
feasible solution from the multi-period Jabr relaxation. This is different from the technique used
in [71] where a multiobjective SOCP relaxation is used to obtain an AC-feasible solution. In [77]
a Benders decomposition algorithm is used for AC-constrained UC — the subproblem is a multi-
period ACOPF on a small network. Note that all of the previously mentioned references on convex
relaxations of some multi-period ACOPF variant are used for AC feasibility.

Two general purpose nonlinear solvers which can be highly effective toward the single and

multi-period ACOPF problems are Knitro [78] and IPOPT [79]; see Section 2.8.

2.5 SOCP Relaxations for ACOPF and Power Losses

2.5.1 Jabr Relaxation

A well-known convex relaxation of ACOPF is the Jabr relaxation [22]. It linearizes the power
flow definitions (2.8d)-(2.8g) using |B| + 2|£| additional variables and adds |£| rotated-cone

inequalities. A simple derivation is as follows: For any line (k,m) € A, we define:
v = i oD =Vl i = Vil Vil €08(0n), Stm = [Vl Vi sin(0h). (2.10)
Clearly we have the following valid nonconvex quadratic relation
3 4+ st =vPu? (2.11)

m
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which in Jabr [22] is relaxed into the (convex) inequality

A +s5i <vP? (2.12)

m

This is a rotated-cone inequality hence it can be represented as a second-order cone constraint. Note

that (2.10) can be used to represent the power flow equations in (2.8d)-(2.8g) as, V(k,m) € A,

Priom = Gerv'? + GrmCiom + BiomStm (2.13a)
Pt = Grim®® 4 GrokCom — BukSkm (2.13b)
Qrm = —Brv”) = BimCiom + GiomSm (2.13¢)
Qi = —Bim?? — BpiCiom — G S .- (2.13d)

In summary, the Jabr relaxation can be obtained from the formulation (2.8) by: (i) adding the
Chms Skms U]E?) variables; (ii) replacing (2.8d)-(2.8e) with (2.13); and (iii) adding the constraints

(2.12).8

2.5.2 A Stronger SOCP

Recall that complex power injected into branch (k,m) € A at bus k € B is defined by

Skm = ViI,,, hence

m

|Skml? = Vil * [ Lim | (2.14)

holds. Moreover, since complex power can be decomposed into active and reactive power as

Skm = Pem + jQrm, and recalling that v,(f) = |V, |* while denoting z,(jq)z = |[I1m|?, we have
P2+ Qb =02 (2.15)

8We stress that (2.10) is not added.
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By relaxing the equality (2.15) we obtain the i2 rotated-cone inequality [50]

P2+ Q2 <o (2.16)
Since the variable z,(jzl can be defined by
21(6277)1 = akm“l(f) + ﬁkm”g) + VemChm + CemSkm 2.17)

for appropriate constants a,, Bem, Vem and Cr (Appendix A.3), we obtain an alternative SOCP
relaxation. This formulation, which we call the i2 relaxation, is comprised by (2.8a)-(2.8c), (2.8h)-
(2.8k), the definition of z,(fw)l (2.17), and the rotated-cone inequalities (2.16).

It is known [24], [80], [81] that for each branch {k, m} the system defined by the linearized
power flows (2.13) plus the Jabr inequality (2.12), and the system defined by the linearized power
flows (2.13), the rotated-cone inequality (2.16) and the linear definition of z}jﬂl (A.12), are equivalent.
It is to be noted that by this we mean that for each feasible solution to one system there is a feasible

solution to the other one. However, equivalence may fail to hold if i is upper bounded.

Proposition 2.1. The Jabr and the i2 relaxations are equivalent if the i®) variables are not upper

bounded, and otherwise the 12 relaxation can be strictly stronger.

Proof. Sufficiency is established in [24]. For an example where the i2 relaxation is strictly stronger

than the Jabr relaxation see Appendix A.2. 0

Our computational experiments corroborate this fact; we have found that linear cuts for the
rotated-cone inequalities (2.12) and (2.16) have significantly different impact in lower bounding

ACOPF (Section 2.8).

2.5.3 Losses

Transmission line losses are a structural feature of power systems [33]. It is a physical phe-

nomenon in which the (complex) power sent from bus £ to bus m along branch km will not
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necessarily be equal to the power received at bus m. This feature of power grids is captured (in
steady state) by the power flow equations (2.8d)-(2.8g). Indeed, active-power loss on line {k, m}
can be defined as the quantity

Cikmy = Prm + P (2.18)

First, we will focus on active-power losses. It is well-known (see, e.g., [31], [50]) that for a

simple transmission line, i.e., a non-transformer branch without shunts, active-power loss equals

where g1 ) denotes line conductance (for simple lines we have G, = G = gr,m})- Thus, if
9ik,my = 0 (i.e., the standard case [33], [82]), the linear inequality Py, + P, > 0 is valid for
ACOPEF. This inequality still holds under (traditional) branch shunts and transformers provided that
9{k,m} = 0. In an arbitrary relaxation to ACOPF we might have £ ,,,; < 0, and, as we demonstrate
below; this feature will make the relaxation weak. Moreover, critically, Proposition 2.4 below shows

that the Jabr inequalities imply nonnegative active power losses as outer-envelope inequalities.

Additionally, the following theorem in [32] sheds light on the relationship between active-power
losses and (global) active power balance. Consider an ACOPF instance on an undirected network
N = (B, ). Let us subdivide each branch {k, m} by introducing a new node, denoted ny,,. To
properly place this result, we consider a solution to any relaxation for ACOPF. Any relaxation is
of interest (even an exact relaxation) so long as variables Py, and P, are present, and active
power flow balance constraints (2.8b) are given (or implied). Now, given a feasible solution to the
relaxation we assign real flow values to the edges of the subdivided network, and orient those edges,

as follows. Consider an arbitrary branch {k, m}.

(1) If Py, > 0 the edge between k and ny,, is oriented from k to ny, and assigned flow Py,,. If

Py, < 0 the edge between £ and ny,, is oriented from ny,, to k£ and assigned flow — FPj,,,.
(2) Similarly, if P,,; > 0 the edge between m and ny,, is oriented from m to ny,, and assigned
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flow P,;. If P, < 0 the edge between m and ny,, 1s oriented from ny,, to m and assigned

flow —P,,1.

Thus, each edge in the subdivided network is oriented in the direction of the flow value that was
assigned. Using the well-known network flow-decomposition theorem [83] yields that the flows in
the subdivided network can be decomposed into a sum of flow-carrying paths, i.e., directed paths

where

* Each path starts from a source (a bus with positive net generation or a node on a branch with
negative loss) and ends at a sink (a bus with negative net generation or a node on a branch

with positive loss),
* Each path carries a fixed positive flow amount.
In summary, we have the following theorem.

Theorem 2.2 (Theorem 1.2.11 [32]). Consider any relaxation to an ACOPF instance that includes,

or implies, active power flow balance constraints (2.8b). Then

(a) The sum of active-power generation minus negative active power losses amounts equals the
sum of active-power loads plus positive active-power losses. Furthermore, there exists a

family of flow-carrying paths that accounts for all the flows in the subdivided network.

(b) There is a similar statement regarding reactive power flows (paraphrased here for brevity).
The sum of reactive-power generation amounts plus the sum of reactive-power generated
by line shunt elements, equals the sum of reactive-power loads and losses. Furthermore,
there exist a family of paths that account for all reactive-power generation, loads, and losses.
Each path has as origin a generator (with positive reactive-power generation) or a shunt
element, and as destination a bus with a positive reactive-power load or a line loss. If all
shunt susceptances are zero, then each path has a bus with positive reactive-power generation

as origin.
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The relevance of (a) is that when negative losses are present, then total generation may be
smaller than total loads — effectively, the negative losses amount to a source of free generation and
directly contribute to a lower objective value for ACOPF than AC-feasible. While this point is also
made in [24] regarding a particular relaxation, the above theorem provides a clear explanation for
this fact that applies to any relaxation.

As an experiment, suppose we remove, from the Jabr relaxation, just one of the SOC constraints,
say for branch {/%, m}, thus obtaining a weaker relaxation; and suppose that, furthermore, the branch
limits Uy, are large (the usual case). Then, as we substantiate next, it is quite likely that the loss on
{12;, m} will be negative in the weakened relaxation and the value of the relaxation will be (much)
weaker — precisely because that phenomenon would allow a solution with less generation, and thus,
lower cost, than otherwise possible.

Table 2.1 provides empirical verification; it reports on 100 experiments in which exactly one
Jabr constraint is removed from the formulation. “Avg Loss" represents the average loss across all
branches; “Avg (br)" and "Min (br)" are the average and minimum (resp.) loss at the branch whose
SOC constraint was bypassed; and “Jabr" denotes the value of the Jabr relaxation, while “weak
Jabr" is the average value of the 100 weakened Jabr SOCs. For reference, “AC-L" represents the
total loss of an AC locally optimal solution, while “SOC-L" is the total loss of an optimal solution
to the Jabr SOC.

Table 2.1: Average and minimum losses 100 repetitions of removing a randomly selected SOC
constraint.

Case Avg Loss Avg (br) Min (br) Jabr weak Jabr AC-L  SOC-L

casel4 -0.3808  -0.4906  -1.7443 8075.12 6292.78 0.0929 0.0918
casel18 0.1084 -0.7046  -5.1803 129340.00 126982.72 0.7740 0.7125
case300 1.8485 -1.1652  -6.1421 718654.00 714858.26 3.0274 2.8064

In Table 2.2 we provide additional evidence in the same direction. We report on 100 experiments,
for larger cases, where we remove 100 Jabr constraints randomly selected using the uniform
distribution. To highlight the relative orders of magnitude of the losses, we exhibit the total load for

each case. The column “Sample" is an average over all the samples of the 100 repetitions.
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Table 2.2: Average and minimum losses 100 repetitions of removing 100 randomly selected SOC
constraints.

Weak Jabr Jabr AC

Avg Losses Min Losses

Case Load  Total  Sample Sample Objective Objective  Losses Losses
1354pegase  730.60 -150.38 -379.60 -764.52 58021.55 74008.58 9.49  10.09
2869pegase  1324.37 -197.83 -402.59 -1119.85  112663.19  133872.69 1424  15.51
3375wp 483.63  -65.50 -117.11 -343.72  6467352.82  7385372.70 6.90 8.30

The following example sheds light on the importance of imposing the non-negative active-power

loss requirement.

Remark 2.3. Solving the McCormick relaxation of the rectangular QCQP formulation [35] of case3
from MATPOWER, we obtain an optimal solution with zero active-power generation. In particular®,

the active-power losses are

(1o = 0.0789, (13 = —1.1941, {93 = 0.0331,

1.e., total active-power losses equals —1.0821.

Pi=05

r=0.05,2 =0.1 r=20.01,=0.1

r=0.08, z = 0.8 PL=05
0<PI<2

Figure 2.3: Circuit representation of case3 from MATPOWER.

Given that we obtain active power loss as a linear combination of the power flow equations it is
natural to wonder if the SOCP relaxations for ACOPF (or outer approximations thereof) accurately

approximate active-power losses. In Table 2.3 we provide empirical evidence that the quality of the

9Since total active-power demand is 1.00 and there is a bus shunt at bus 2 with shunt conductance 0.1, and the

magnitude of voltage at bus 2 squared is 0.8211 in our solution, we have that generation equals losses plus the sum of
the loads.
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approximations to total losses provided by the SOCP relaxations is still very weak — even though the

objective lower bounds proved by the SOCP relaxations are quite close to ACOPF primal bounds.

Table 2.3: Active-power losses and optimality gaps.

AC Jabr SOCP
Case Objective Losses Objective Losses Opt Gap Loss Gap
1354pegase 74069.35  10.09 74008.58 948  0.08% 6.04%

ACTIVSglOk 2485898.75 23.01 2466666.10 13.88 0.77%  39.68%
ACTIVSg70k 16439499.83 156.83 16217263.66 121.31 1.35%  22.65%

It must be noted, however, that from a theoretical perspective the existence of active-power

losses is not what makes ACOPF intractable; the NIP-hardness proof in [19], [20] relies on a lossless

system.

2.5.4 Losses and Cutting-Planes

Next we provide theoretical justification for using an outer-approximation cutting-plane frame-
work on the Jabr and 2 relaxations. We show that for transmission lines with G, > 0 > Gp,,, =
Gk > —Gy and By, = B, in particular lines with no transformer or shunt elements, active-
power loss inequalities are implied by the Jabr inequalities, and also by the definition of the ()
variable. We begin with two simple technical observations.

First, consider a (generic) rotated cone inequality

22+ <wz (2.20)
where z,y € R and w, z € R,. Then
2 2 2 2 2 2
r+y <wz <= (22)°+ (2y)° < (w+2)° — (w—2) (2.21a)
— ||(2z,2y,w —2)"||s < w + 2. (2.21b)

34



Next, let A € R? satisfy || A2 = 1. Then, by (2.21b),
202 4 20y + Ag(w — 2) < || M2 |22, 2y, w — 2) ||l < w + 2. (2.22)

Inequality (2.22) provides a generic recipe to obtain outer-envelope inequalities for the rotated cone

(2.20). As aresult of these developments, we have:

Proposition 2.4. For a transmission line (k, m) € A with Gy > 0 > Gy = G > —Ghy and
Bim = Bk, the Jabr inequality ¢z, + s3, < v,ﬁz)vg) implies, as an outer envelope approximation

inequality, that £}, y,, > 0.

Proof. By (2.21b) we have that the Jabr inequality c?, + s2 =~ < v,(f)vg) can be written as
]|(20km,25km,v,(€2) — o), < v,?) + 02, Hence, taking A = (1,0,0)7, and using (2.22) we
have

0 0@ — 264, > 0. (2.23)

On the other hand, by summing up equations (2.13b) and (2.13a) we have

g{k,m} = Gkkvl(f) + Gmmvy(nQ) - 2CYchrnclcrn

> min{ Gy, Gmm}(v,(f) + 0@ — 2¢1)

given our assumptions on G, Gm; Grm, Gmi. Therefore, (2.23) implies £y, ,,,y > 0. O

Moreover, for simple transmission lines the definition of the variable i(?) implies the active-

power loss inequalities [80], [84]. Actually, if a line (k,m) has no shunts, then it is folklore (and
(2)

follows from basic physics) that ¢;,”,

> 0 implies {14 ) > 0.
Proposition 2.5. For any transmission line (k,m) € A with yfz7m} = 0, the definition of the

2)

variable z,(m implies the active-power loss inequality associated with that line.
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Proof. First, we note that if yi" = 0, a simple calculation yields

1 . ?
Com = 9{km} — Vi — 7V, )
Tkm
my (1 :
Ikm = M (_Vk — e”’“mvm)
Tkm Tkm
see A.3. Therefore zfjl > 0 clearly implies £,y > 0. [

2.5.5 A Numerically Better-Behaved i2 Relaxation

The 12 relaxation is at least as strong as the Jabr relaxation, and in congested networks it
can be strictly stronger (Proposition 2.1). Thus, the i2 relaxation is a natural candidate for outer-
approximation via a cutting-plane framework (Section 2.6); we numerically verify the strength of a
linear outer-approximation of the i2 relaxation in Section 2.8.1. This additional strength comes at a
price: numerical instability. To be precise, the potentially large coefficients in the definition of the
i variables can result in an ill-conditioned SOCP (see, e.g., [85]). We illustrate this issue with
a simple case and show how the Jabr outer-envelope inequalities complement the strength of the
i definitions. We conclude this subsection with a new, numerically stable modified i2 relaxation,
which we term i2+(p), where p > 0.

Let (k,m) be a transmission line with a limit Uy, ,,; < 400, and without any transformers or

shunt elements. By (A.12) we have

1
i? = ( ) (o8 + o2 — 204, ) (2.24)

k) T Tk

where 7,y and xy; .,y denote the line’s resistance and reactance. Moreover, equation (2.14)
implies that i{”) can be upper-bounded by the constant Hgmy := Uy /(V;™™)2, where Vi
corresponds to the lower limit for voltage magnitude at bus & (both voltage limits are close to 1

under standard data conditions).

Suppose that this simple line (k,m) has small resistance, e.g., on the order of 107°. Then
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1/ (rfk my T x%k m}) can be on the order of 10®. In addition, assume that the limit Uy, is small. Thus,

(rfemy + T{0my) Higmy can be fairly small, which yields

o2 4 02— 2010 < (B + ) B ~ 0 @.25)

Since U]i )+ 117(73) — 2cp, > 01s a Jabr outer-envelope cut (proof of Proposition 2.4), inequality (2.25)

is forcing our solutions to lie near the surface of the rotated-cone ci, + s2, < v,g o, ie., itis
cutting-off solutions which are in the interior of the Jabr cone for line {k, m}. Notice that the more
capacitated the transmission line is, the stronger the effect of the i(?) variables (Figure 2.4).

This key observation motivates a numerically more stable relaxation. Consider the definition of

z,(;)l in Appendix A.3 for appropriate constants av.,, Skm, Vim and Cpn:

Z](f) - akmvk + Bkmv + VemCrm + gkmsk'm (226)

Let p > 0 be some fixed parameter, and consider the following heuristic: for every transmission

line (k,m) € A,

(1) if o > p, we say that the branch induces a bad-i2, and we define the following inequalities

(which are valid by the previous discussion)

o 4 Bom oy e G s, (2.272)
km (0777 A,
m m H m

o ¢ Doy B S, Bk, @2.27b)
Um Ukm Akm A

(i1) otherwise, we say that the branch induces a good-i2, and we define

21232) - Ov/kmvk _I_ Bkmv + VemChkm + Ckmskrrr
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Figure 2.4: The black circle represents a horizontal cross-section of a projected Jabr cone (2.12) onto

the (v,(f), vg), ckm)-space. The red and blue inequalities represent (2.27) for a simple transmission

line, while the teal and cyan inequalities represent two Jabr outer-approximation cuts.

Empirically, we see in Table 2.4 that the coefficients of the inequalities (2.27) are relatively
small; clearly closer to the range of coefficients of the linear constraints of the Jabr SOCP, and
to the coefficients'® of the Jabr outer-envelope cuts which will be deployed in our cutting-plane
algorithm (refer to the linearly constrained relaxation M in Section 2.6.2). We observe that for

p = 100 roughly 90% of the branches correspond to bad-i2s.

Table 2.4: Statistics of the coefficient «v in (2.26) and of the coefficients in (2.27).

Q@
QR

N ¢ I
« [0

Case Yobad-i2s Max Avg Max Avg Max Avg Max Avg Max Min Avg

ACTIVSg10k 91.33 1.00e10 1.09¢06 1.47 1.01 -1.80 -2.01 0.88 0.00 18.52 2.57e-09 3.06
10000goc-sad 88.50 2.23e06 2.41e05 1.21 1.00 -1.90 -2.00 0.01 0.00 1.89 4.64e-06 0.48
30000goc-api 96.13 2.41e07 3.66e05 1.31 1.00 -1.94 -2.00 0.01 5.90e-06 1.89 2.16e-06 0.71

By making reasonable assumptions about transmission line parameters we can derive the following

upper bounds for the coefficients in inequalities (2.27).

10The size of coefficients of these cuts are linear in the values of variables ¢, s and v in any solution to a linear
relaxation of the Jabr SOCP; see Proposition 2.7.
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Proposition 2.6. Let (k,m) € A be a transmission line that satisfies by ny| > b‘EZ,m}’ gfz’m} =
0 and |bgrmy| > ggemy- Then, the coefficients ﬂl’z—m, L gpd Skmjn (2.27) are bounded by

(e Xpm Apm

max{7?2 , 3Twm }, Where Tj,m, is the transformer tap ratio located at bus k."!
km p

Proof. Let {k,m} € & be an arbitrary transmission line, and denote by A = gfhm} + b%k,m}’
B = gikm}9ip my + bikm)bih my and C = (g°7% +0°"%) /4, see (A.12). We drop the subscripts for

clarity of exposition. Then, the coefficients in (2.27) can be written as

. A

a A+B+C

o —cos(0)(2A + B) + sin(o) (bg*" — gb*")
a A+B+C

¢ sin(0)(2A + B) + cos(o)(bg™" — gb*")
a A+B+C

Since we assumed |b| > b*", g*" = 0, and [b| > g we have that A + B > 0, hence the ratios 2 and

g can be upper-bounded by

2A + |bb*h| |gb*"|
A+B+C A+B+C)°

In consequence, we have the following upper-bounds

]

In consequence, given p > 0, we define our numerically better-behaved i12+(p) relaxation by
(2.8a)-(2.8¢), (2.8h)-(2.8k), the definition of @1(57)1 (A.12) and the rotated-cone inequalities (2.16) for
every good-i2 branch (k, m), and inequalities (2.27) for every bad-i2 branch (k, m). We use the

12+(p) relaxation for our multi-period experiments (see discussion and results in Section 2.8.3).

Tf the line does not have a transformer, then 75, = 1; generally, tap ratios do not take extreme values.
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2.6 Cutting-plane Framework: Cut Separation and Management

In this paper we use a dynamically generated linearly constrained relaxation as a lower bounding
procedure for ACOPF; relying on a perspective sometimes associated with integer programming.

Given a set X in R™, we say that a convex inequality g(x) < d is valid for X if g(x) < d holds
forall z € X. Given X and T ¢ X, then we say that ¢' x < d is a (linear) cut for X if the inequality
is valid for X but it is not satisfied by z. A (linear) cutting-plane algorithm [48], [86] for a set X is
an iterative procedure in which, starting from an initial (linear) relaxation, in every round (linear)
cuts are added to approximate X . Typically, these cuts are computed in iterative fashion; at each
round an optimal solution T ¢ X to the current relaxation is separated using a computed cut. We
note that in addition to Kelley’s cutting-plane algorithm [48] other related algorithms have been
proposed in the literature. See [87] for background.

In the case of single-period experiments our target set X is the 12 relaxation of ACOPF, while
we use the i2+(p) relaxation for the multi-period setting. The reason is simple: the multi-period i2
relaxation for medium to large networks is not numerically tractable.

In support of this statement, we note that direct solution of the Jabr and 12 relaxations of
ACOPEF, for large instances, is computationally prohibitive and often results in non-convergence
(see tables 2.6, 2.7, 2.8,2.9,2.12, A.1 and A.2). Our empirical evidence further shows that outer-
approximation of the rotated-cone inequalities (in either case) requires a large number of cuts in
order to achieve a tight relaxation value. Moreover, employing such large families of cuts yields
a relaxation that, while linearly constrained, still proves challenging — both from the perspective
of running time and numerical tractability. Nonetheless, a characteristic feature of our iterative
procedure is its robustness to potentially suboptimal termination of the oracle used to solve the
LPs or convex QPs; independent of the quality of the primal solution obtained, our linear cuts will
always be valid.

However, as we show, adequate cut management proves successful, yielding a procedure that

is (a) rapid, (b) numerically stable, and (c) provides a very tight relaxation (Tables 2.8 and 2.9).
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The critical ingredients in this procedure are: (1) fast cut separation; (2) appropriate violated cut
selection; and (3) effective dynamic cut management, including rejection of nearly-parallel cuts
and removal of expired cuts, i.e., previously added cuts that have become slack (see Section 2.6.2).

Our procedure possesses efficient warm-starting capabilities — this is a central goal of our work.
Previously computed cuts, for some given instance, can be reutilized and loaded into new runs
of related instances, hence leveraging previous computational effort. It is worth noting that this
reoptimization feature stands in sharp contrast to what is possible using nonlinear (convex) solvers.
In Section 2.8.2 we justify the validity of this feature and Tables 2.8 and 2.9 summarize extensive
numerical evidence on its performance relative to solving the SOCPs ‘from scratch’. We remark that
adequate cut management is what enables this capability in the case of large single and multi-period

ACOPF instances.

2.6.1 Two Simple Cut Procedures

The following (routine) results provide a fast procedure for separating over the rotated-cone
inequalities

Ao+ sty <oPo® P2 <o (2.28)

m km*
Proposition 2.7. Consider the second-order cone C' := {(x,s) € R" x Ry : ||z]]2 < s}. Suppose

(2', ") ¢ C with s > 0. Then the projection of (', s') onto C'is given by

A R
T T T

To = So

Moreover, the hyperplane which achieves the maximum distance from (z', s') to any hyperplane

separating C and (z',s') is given by

()@ < sl

Proof. First, we show that for every (z,s) € C the inequality (2') "2 < ||2’||s holds. Indeed, by
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Cauchy-Schwartz inequality we have that (z/) "z < ||2’||||z||, and since ||z|| < s the inequality

follows. Next, we show that the point (x¢, so) defined by so == (||2’|| + s’)/2 and z = (so/||2'||)2’

lies on (2/)" Tz = (so/||2|)]|2'||* = so]|2’|]. Moreover, (x, 50) lies

x = ||2'||s. Certainly, (z')
on C since ||zo|| = |[(so/]|2’]|)2’|| = so. Finally, we show that the vector (zo — 2/, s9 — &) is
orthogonal to the plane (it suffices to take the vector (zg, s¢) since (0, 0) lies on C'). It can be readily

checked that ||(¢, 50)||* — (2') Tzo — 8’59 = 0. N

Corollary 2.8. Let C' = {(z,y,w,z) € R* x R : 2? + y* < wz} C R* and suppose that
(', ¢, W', 2') & C where w' + 2 > 0. Then the hyperplane separating C' from (z',y/,w', 2') and at

maximum distance from this point is given by

42"z + (49 )y + (0" — 2") = no)w + (—(w' — ') — ng)z <0, (2.29)

where ng = H(QI/, 2y, w' — Z/)T||2-

Proof. Rewriting the rotated-cone inequality as (2.21b) and applying Proposition 2.7 provides the

desired separating hyperplane. 0

The following proposition gives us a simple procedure for computing linear cuts for violated
limit inequalities

P+ Q< Upomy- (2.30)

Proposition 2.9. Consider the Euclidean ball in R? of radiusr, S, == {(z,y) € R? : 2*+y* < r?},
and let (2',y') ¢ S,. Then the separating hyperplane that is at maximum distance from (z',y') is
given by

@)z + (1 )y < rll@, y)ll2- (2.31)

Proof. Since (2')% + (y')? > r?, there exists some 0 < t; < 1 such that (to2")? + (toy')? = r2 Tt
can be readily checked that ¢y(z', y') is the projection of (2’,%') onto S,. Therefore, the normal to
the separating hyperplane is (1 — ¢y)(z’,3') and the RHS is (1 — to)to||(z', %) ||3, in other words,

(2 + (v )y < r|(2',y)||2 is the desired valid inequality since 0 < ¢y < 1. O
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2.6.2 Basic Cutting-Plane Algorithm
Single-period

We describe our cutting-plane algorithm for the single-period setting. First, we define a linearly

constrained base model M, as follows:

Figure 2.5: Linearly constrained base model M,

[Mo)] : min Y Fu(Pf) (2.32a)
keg
subject to:
Vbus k € B:
S Pm=YP-PL Y Qum=). Q- Qf (2.32b)
{km}es(k) LGy, {k;m}es(k) 1€Gy,

V branch (k,m) € A:

Pim = Giit'?) + GrmChm + BromSkm (2.32¢)
P = Grm0'?) + GreChom — BunkSkm (2.32d)
Qim = —Birvt” = BiomChm + GromSkm (2.32¢)
Quk = —Bummv? — Briciom — Gk Skm (2.32f)
11(4:277)1 = akm”i?) + Brm VY + YVomChm + ChomSkm (2.32¢g)

Y generator k € G:
PRin < pi < prex - Qin < Q7 < Qe (2.32h)

Vbus k € B:

(Vmin)2 < o) < (vmex)? (2.32i)

V branch (k,m) € A:

- \/m < Proms Pk < \/Uigmys =/ Utkym} < Qkmy @i < \/m (2.32j)

Uikem
(2) o “{km} (2.32k)

0<1
(Vkmm)Z
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In other words, we consider the linearized power flow equations of the Jabr SOCP, together with
all linear constraints in (2.8), the definition of the variable i(?) in (2.26), and simple box constraints
on the power flow and i(?) variables. Recall that for the single-period ACOPF problem, our target
set X is the 12 relaxation.

In every round of our iterative procedure, linear constraints will be added to and removed from
the current relaxation, which is initialized as M,. We will denote by M the relaxation at a generic
iteration of our cutting-plane algorithm.

Given a feasible solution Z to M, and letting fy,,(z) < 0 be some valid convex inequality (2.28)
or (2.30), our measure of cut-quality is max{ fx,,(T), 0}, i.e., the amount by which T violates the
inequality. Let ¢ > 0. For each type 7 € {Jabr, i2, limit} of inequality we select the top p, percent
—a fixed parameter— most highly violated inequalities of type 7 whose violation is greater than € —
these are the 7-candidates (Line 7 of the pseudocode).

For each list of 7-candidates, we compute cuts for the corresponding branches using the cut
procedures described in Section 2.6.1. Candidate cuts will be rejected if they are nearly parallel
to incumbent cuts in M — near-linear dependency is a common source of ill-conditioning in
optimization models [85], [88]. To be precise, given €,,, > 0, we say that two linear inequalities
c'x<0andd'z < 0are €par-parallel if the cosine of the angle between their normal vectors ¢
and d is strictly more that 1 — €.

Finally, we describe a heuristic for cleaning-up our formulation. For each added cut, we keep
track of its cut-age, i.e., the count of rounds since it was added. Then, in every iteration, if a cut
¢z < dhas age greater or equal than a fixed parameter 7, € N, and it is e-slack, i.e., d — T > e,
then it is removed from M.

In addition to M, and the parameters p;, €, €pqr, Toge, Other inputs for our procedure are: a
time limit 7" > 0; the number of admissible iterations without sufficient objective improvement

T'to1 € N; and a threshold for objective relative improvement €, > 0.
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Algorithm 1 Cutting-Plane Algorithm

1:
2
3
4.
5:
6
7
8
9

10:
11:
12:
13:

14:
15:
16:
17:

procedure CUTPLANE
Initialize r <+ 0, M < My, 2o + +00
while t < T and r < T¥, do
z <— min M and Z < argmin M
Check for violated inequalities by solution 7.
Sort inequalities by violation.
Compute cuts for the most violated inequalities.
Add computed cuts if they are not e-parallel to existing cuts in M.
Drop cuts of age > T;,,. whose slack is > ¢;.
if 2 — 29 < 29 - €410 then
r<r+1
else
r<0
end if
20 < 2
end while
end procedure

Multi-Period

We outer-approximate the i2+ relaxation in the multi-period setting. Thus, the linearly con-

strained base model M is given by

(M : min Z Z Fy(PY))

subject to:
constraints (2.8b), (2.8¢c), (2.13), (2.8h) — (2.81), (2.8))
for every good-i2 branch (k,m), (A.12), (2.16)

for every bad-i2 branch (k,m), (2.27).

In other words, we consider all the linear constraints of our 12+ relaxation.

(2.33a)

(2.33b)
(2.33¢)

(2.33d)

For each time-period ¢, we sort violated inequalities 7 € {Jabr,i2, limit} by violation, as in

the single-period setting, and pick as (7, t)-candidates branches the top p, percentage of the most

violated branches per period ¢. The rest follows as in Algorithm 1.

45



Our experiments show that our cut selection is robust, and that Gurobi version 10.0.1 [89] is

able to handle surprisingly well large volume of cuts, see tables 2.10 2.11, 2.12.

2.7 On the Accuracy of Lower Bounds

In this section we address an issue of fundamental importance in numerical optimization, and
which, in our opinion, has not received adequate attention in the ACOPF literature.

Most optimization solvers, commercial and academic, work with finite precision, floating-point
arithmetic (some notable exceptions are the LP solvers [90] and [91]) and are subject to roundoff
errors, usually small. To be precise, whenever an optimization instance is “solved" and declared
“optimal” by a solver, it is highly likely that the provided solution will have small infeasibilities,
1.e., the solution will exhibit constraint violations up to some tolerance. Usually, this infeasibility
tolerance can be controlled by the user.

A natural question then is: given an e-feasible Z solution to a convex optimization problem [P|
with optimal solution ¥ (likely unknown by the user), how superoptimal can the approximate solution
be? In other words, are there any general guarantees which permit us bound the superoptimality
of approximate solutions? For example, if f denotes the objective function for [P], we seek a

guarantee of the form

f(&) = f(@) = hp(e)

for a certain function hp which only depends on the instance’s data. Ideally, we would like for i p
to be monotonic on € and polynomial on the size (bit-length) of the problem [P] data. If [P] is a
linear program then A p is linear function whose slope coefficient has bit-length polynomial on the
problem’s bit encoding [86]. Moreover, if [P] is a convex QP we also have a good guarantee as in

the LP case. Our proof leverages an argument used to show that QP is in NP [92].

Proposition 2.10. Let [P] be a convex QP with objective given by f(x) = 2" Hx + ¢' x, where
H € Q"™ is a positive definite matrix and ¢ € Q", and feasible set X = {x € R" : Az > b},

where A € Q™" and b € Q™. Let T € Q" be an optimal solution to this convex QP. Suppose there
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is a point & € Q" that is e-feasible for [P). Then,

f(@) = f@) = [[Al1e. (2.34)

where \ is an optimal solution to the dual of | P).

Moreover; || \||1 can be bounded by a constant g(A,b, H, c) whose bit-length is polynomial on

the bit-complexity of the input (A, b, H, ¢).

Proof. Let & € R" such that AT > b — ee, where e denotes the all-ones vector. Let [D] denote
the Lagrangean Dual problem of [P] on variables A € R™. Consider a primal-dual optimal pair
(z,\) € R" x R™ such that )\ is a rational vector that satisfies |||, < g(A,b, H,c), where g is
a polynomial in the length of the input A, b, H, c. Such a solution ) exists by strong duality for
convex QPs, since we assumed [P] is feasible and bounded; see [92, Section 2]. Strong duality
also implies that (7, \) satisfies KKT conditions (i) Lagrangean optimality V f(Z) = AT\ and (ii)
complementary slackness XT(b — AZ) = 0. In addition, given that f is convex and differentiable

we have that f(7) + Vf(Z)" (x — T) < f(x) for every z € R™. In consequence,

f(@) > f(@) + V@) (@ -7
= f@)+(A™N) (7 -7)
= f(@) + X (AT) =X (A7)
> f(@) + X' (b— A7) — e[|\l
= f(@) —€llAllx
> f(T) —eg(A, b, H,c).

O

Remark 2.11. This proposition can be readily applied to the dual of the convex QP which is again a
convex QP (the quadratic term in the objective is negative definite). Indeed, if we denote by ¢ the

dual objective and by ) an e-feasible dual solution, we can apply our result to the convex QP with
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objective ¢’ :== —q which yields
¢(N) 2 d\) ~|[Thhe = ¢(V) < a) + |[Tlhe.

Next, we elaborate on the relevance of Proposition 2.10. Suppose we are given:

* A (not necessarily convex) optimization problem [Z] whose optimal objective value is denoted

by z;

* A convex relaxation [P] of [Z], with objective function f, and its dual [D], with objective

function ¢;
* An e-feasible primal-dual pair (Z, \) and an optimal primal-dual pair (z, \) for [P]-[D].

Assume that strong duality holds'? for the pair of convex problems [P]-[D]. Figure 2.6 depicts two
inherent risks when dealing with e-feasible solutions: incurring in (1) invalid lower bounds, and (2)
poor primal bounds for [Z]. Indeed, (1) an infeasible (even if e-feasible) dual solution could provide
an invalid lower bound for [Z], i.e., Z < ¢()\). On the other hand, (2) if a primal e-solution Z to
the relaxation [P] is used as an approximate or even an exact solution'? to [Z] and we do not have

guarantees such as those provided by Proposition 2.10, then the value f(Z) may be significantly off

(far from 2).

Primal superoptimality (for [P]) Dual superoptimality (for [D])
f@) f@=a) 2 (V)
Invalid upper bound Invalid lower bound

Figure 2.6: Validity of bounds and superoptimality of e-feasible solutions.

Results such as inequality (2.34) are appealing since the bound has a linear dependence on

e. Unfortunately, small dual violations are not the only ingredient for accurate bounds; problem

12 An analogous analysis can be done is there exists a duality gap; we assumed strong duality for clarity of explanation.
BFor instance, for radial networks the Jabr SOCP relaxation is exact.
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structure is key. In Appendix A.4 we show that if [P| and [D] are a primal-dual pair of SOCPs for
which strong duality holds, then any e-feasible solution  satisfies ¢' & > ¢'Z — (|| A||1 + ||[@||1)e
where ¢ denotes the primal objective and (Z, (\, %)) a primal-dual optimal pair. Thus, a natural
question is: can we always provide a ‘reasonable’ bound on ||A||; + ||%/|,? From a fundamental
perspective, such a bound should be polynomial on the bit-length of the problem data — as in the
case for LPs or convex QPs'*. In what follows we provide a partially negative answer to the latter
question even for the case of the Jabr SOCP for the simplest possible network — two buses and one

transmission line.

Proposition 2.12. There exists an ACOPF instance on a two-bus network with standard line

parameters and rational data such that:
(a) the only AC-feasible solutions are irrational;
(b) the Jabr SOCP relaxation has a unique minimizer, which is irrational; and
(c) the dual of the Jabr SOCP relaxation has a unique maximizer, which is irrational.

Proof. We first prove (a) and (b). Consider a network consisting of two buses and a line joining
them. There is one generator located at bus 1 and a load located at bus 2. The transmission line is
simple (i.e., no shunts or transformers) and has series admittance y = g + jb with g > 0, b < 0 and
—b > g. Assume that the voltages at both buses are fixed to 1, that reactive power generation is
unconstrained and that the line limit is very large. Finally, suppose that the objective consists in
minimizing active generation. Additionally, there is no explicit reactive power load. We can make

the following observations:
1. Active power balance constraints: P 5 = P/ and Py, = —P¢;
2. Power flows: PLQ =g —gti2— b8172 and P2’1 =g —4gc2 + bSLQ;

3. Jabr inequality: ¢}, + 57, < 1.

14The existence of SOCPs whose unique solution is irrational are folklore results, see [93] for examples.
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Since reactive power generation is unconstrained and the line limit is very large, reactive power

flows can be ignored. Therefore, we can write the Jabr SOCP as

OPT :=min g — gcia — bs12

subject to:
g —gcio+bsy g = — Py (2.35a)
y+si, <1 (2.35b)

Since the network is radial, we know that imposing (2.35b) as an equation yields an exact ACOPF
formulation [22], [94]. Given that (2.35a) is linear in ¢, 2, 51 2 and constraint (2.35b) represents the
unit circle, for a particular choice of parameters g, b, and P2d, the line represented by (2.35a) will
intersect the boundary of the unit circle at exactly two points. These points will be the unique two
AC-feasible solutions for this instance, while their convex hull represents the feasible region of the
SOCP. Finally unless the objective is orthogonal to the hyperplane defined by constraint (2.35a)
the SOCP optimum will be exactly one of the two AC-feasible points. We derive analytically these

points. Indeed, by substituting the expression for s 5 in (2.35a) into (2.35b) we obtain

2 2 d
g +b g P¢+gq
( )0%72—2<—>'yc+(72—1):0, v = 7

b2 b
(g/b)y £V . A
:CI’Q_W’ O“_H(_) v

Moreover, solving for P¢ in terms of o we have P = —g + /g2 — b*(a — 1). Letting g = 3,
b= —8,a=3/4, givesus P! = 2 and v = —5/8. This choice of parameters implies that the

s1 o-intercept in the ¢; 5 — s1 2 plane of the line (2.35a) is strictly between (—1, 1), hence there are
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exactly two AC-feasible solutions and moreover they are irrational

N (15/64) + (v/3/2) . (15/64) + (v/3/2)
. (15/64)— (V3/2) . (15/64) — (v/3/2)
N YT S R ( 0/60) + 1 ) +(5/8)

Given that the objective is not orthogonal to the linear constraint, and that it lies in the second
quadrant, we have that the optimal solution to the Jabr SOCP is (¢ 2, §12) =~ (0.9647,0.2632). This
proves (a) and (b).

Next, we establish (c) by analyzing the dual of (2.35). Let A € R and 6 € R, be the dual
variables associated to the constraints (2.35a) and (2.35b), respectively, and consider the following

Lagrangean dual:

L(c12,512;A,0) : =g —gcia —bsi o+ Ag — ge1o + bsi o+ Pzd)

+ 5(03,2 + 5%,2 —1)

The function L(c; 2, 512; A, ) is convex quadratic in the variables c¢; 5, s12. Given that Slater’s
condition holds for (2.35), we have that an optimal primal-dual pair must satisfy the KKT condition

(Lagrangean optimality)

OPT = min L(ci,812; A%, 6%) = L(c] 5, 8195 A%, 67)

€1,2,51,2

where (c7 5, 57 5, A*, 0*) is an optimal primal-dual pair. It can be readily checked that the first-order

stationarity condition implies that

26%ct, — g(1+ ") =0 (2.36)

20"5% 5 + (A" — 1) = 0. (2.37)

Since we previously showed that the unique minimizer of (2.35) is the irrational solution (¢ 2, 512),
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we have that ¢} , = ¢1 and 57, = 51 5. Therefore, equations (2.36) and (2.37) imply that (\*, 6*)

must also be irrational. O

Remark 2.13. This is an example of an ACOPF instance (in the simplest possible non-trivial setting)
whose feasible region is disconnected while its convex hull is described by the feasible region of the
Jabr SOCP (since the network is radial [22]). Also see the classical example in [17]. Moreover, this
example shows that to answer whether AC-Feasibility [20], [21] is in NP or not one cannot rely on

a rational AC-feasible solution as a polynomial-size certificate.

In summary, LP and convex QP relaxations possess robust theoretical guarantees for bounding
challenging optimization problems, in sharp contrast to what nonlinear relaxations such as SOCPs
can offer. Given that this work focuses on lower bounds for ACOPF, we are particularly interested
in dual infeasibility of primal-dual solutions provided by the solvers (the primal being a convex
relaxation of ACOPF). In Section 2.8.3 we report on dual infeasibilities attained by solvers run on

our linearly constrained models.

2.8 Computational Experiments

We ran all of our experiments on an Intel(R) Xeon(R) 64-bit Linux machine, with 2 E5-2687W
v3 3.10GHz CPUs, 20 physical cores, 40 logical processors, and 256 GB RAM. We used three
commercial solvers: Gurobi version 10.0.1 [89], Artelys Knitro versions 13.2.0 and 14.1.0 beta [78],
and Mosek 10.0.43 [95]. As a common interface for all SOCP and ACOPF models we used
AMPL [96] via Python. We note that unlike Gurobi and Knitro, Mosek does not accept a constraint
of the form 2% + y? < 2% or 22 + y? < wz as a conic constraint; thus we reformulated the SOCPs
using a format that Mosek-AMPL was able to read.

We report extensive numerical experiments on instances from the following data sets: medium
and large-sized standard IEEE instances available from MATPOWER [82], the Pan European Grid
Advanced Simulation and State Estimation (PEGASE) project [97] [98], ACTIVSg synthetic cases
developed as part of the US ARPA-E GRID DATA research project [99], [100], and the largest
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instances from the Power Grid Library for Benchmarking AC Optimal Power Flow Algorithms [101]
(PGLIB). Our main focus are cases with 9000 buses or more.

Our cutting-plane algorithm is implemented in Python 3 and uses Gurobi 10.0.1 to solve LPs
and convex QPs. All of our reported single-period experiments were obtained with the following
parameter setup (Section 2.6.2): barrier convergence tolerance and absolute feasibility and optimality
tolerances equal to 107%, € = 107°, papr = 0.55, pio = 0.15, Dimir = 1, Tuge = B, €par = 107°/2,
€ftol = 1075, and Ttot = 5. For our multi-period experiments we used the numerically better-
behaved i2+(p) relaxation with p = 102, and, as a result, we were able to increase solution accuracy:
we set absolute feasibility and optimality tolerances equal to 10~%, and we relaxed 7, from 5 to
3forT = 12 and to 2 for T' = 24. All of our code, AMPL model files, and solution files can be
downloaded from www.github.com/matias—vm.

Next we describe the symbols used in our tables. The character “ — ” denotes that the solver
did not converge, while “TLim” means that the solver did not converge within our time limit. By
convergence we mean that the solver declares to have obtained an optimal solution, within the
previously defined tolerances. Further, “INF” means that the instance was declared infeasible by
the solver, while “LOC INF”, used by KNITRO, means that the solver converged to an infeasible
point. Moreover, if Gurobi declares numerical trouble while solving our LPs or convex QPs at
some iteration of our cutting-plane algorithm, we report the objective value of the previous iteration
followed by the character “ * ”. The objective values and running times are reported with 2 decimal
places.

We remark that, to the best of our knowledge, this is the first computational study which
compares the performance of three leading commercial solvers on the Jabr SOCP using a common
framework (AMPL). We evaluate the solvers on the Jabr SOCP, and compare their performance
with that of our warm-started 12+ formulations. When running the solvers, we used the Jabr rather
than the 12 SOCP because the former is numerically better behaved from the solvers’ perspective
(Section 2.5.5). We report on these numerical issues in Section 2.8.1; also compare tables 2.11

and 2.12.

53


www.github.com/matias-vm

2.8.1 Single-Period Experiments

SOCPs: Solver Parameters We set a time limit of 1, 000 seconds for all of our SOCP experi-

ments'. Next we describe additional parameter specifications for each solver.

* We use Gurobi’s default homogeneous self-dual embedding interior-point algorithm (barrier
method without Crossover, and Bar Homogeneous set to 1), and we set the parameter Numeric
Focus equal to 1. Barrier convergence tolerance and absolute feasibility and optimality

tolerances were set to 10~%. Gurobi was allowed 20 threads.

* We use Knitro’s default Interior-Point/Barrier Direct Algorithm, with absolute feasibility and
optimality tolerances equal to 1075, We used the HSL. MAS57 sparse symmetric indefinite
linear solver, and the Intel Math Kernel Library (MKL) functions for Basic Linear Algebra
Subroutines (BLAS), i.e., for basic vector and matrix computations. Moreover, 20 threads
were used with Knitro. SOCPs were explicitly input to Knitro as convex problems. When
computing primal bounds, we employed the linear solver HSL MA97 whenever Knitro under

MAS7 was not converging.

* We use Mosek’s default homogeneous and self-dual interior-point algorithm for conic op-
timization. We set the relative termination tolerance, as well as primal and dual feasibility

tolerances to 10~%. We used 20 threads with Mosek.

Remark 2.14. We did not set a time limit for computing single-period ACOPF primal bounds.

Cut Computations

Table 2.5 summarizes outcomes on cut computations for a substantial number of instances
from the libraries described above. Under “Cutting-Plane," “Objective" reports the objective of the
last iteration of our algorithm, “Time" reports the total running time (in seconds) of our method;

“Computed" reports the number of cuts computed throughout the entire procedure; “Added" exhibits

150ne iteration of our algorithm requires approximately 60 — 100 seconds.
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the total number of cuts in our linearly constrained relaxation at the last round; and “Rnd" is the
number of rounds or our algorithm. Finally, “Primal bound" reports the objective value of a feasible
solution to ACOPF and the amount of time (in seconds) required by Knitro for this purpose.

Overall, our cut management heuristics yield very tight linearly constrained relaxations using a
relatively small number of cuts - note that we could potentially add 3|€| cuts per round (for each
branch {k, m} there are three inequalities (2.28) and (2.30) that might be violated). For instance,
case ACTIVSg70k has 88207 branches and after 10 rounds of cuts we only keep 123431 out of the
350572 linear cuts computed throughout the course of our algorithm. Thus, fewer than 1.5 linear
cuts per branch give us a relaxation with optimality gap'® at most 0.69%"".

We remark that for some instances the objective value of our procedure can be higher than the
objective value of the Jabr SOCP since our algorithm is outer-approximating the feasible region of
the 12 SOCP (Proposition 2.1).

We also note that 30000goc-sad was the only instance for which Gurobi experienced numerical
difficulties while solving the linearly constrained relaxation (indicated by the character “ * ” next to
the objective value). In this case the reported objective value corresponds to the previous iteration —
setting a more aggressive cut management heuristic, for instance decreasing 7,4 from 5 to 4, gave
us numerically more stable cuts and a better bound.

Finally, we obtained our primal bounds by running Knitro with a flat-start, i.e., we provided as

initial point voltage magnitudes set to 1 and all 6y,,, = 0.

Performance on SOCPs

In Table 2.6, we observe that for the cases in which at least two solvers converge, the reported
bounds for the Jabr SOCP agree on the first 2 to 3 most significant digits. These differences in
bounds reflect how numerically challenging the given instances are. We remind the readers of

the parameter choices that we made in order for the solvers to achieve termination — the solvers

16Given a primal bound of a minimization problem, we define the optimality gap of a relaxation of the given problem

as 2= where z,, denotes the objective value of the primal bound and z,- denotes the objective value of the relaxation.

17\’66 assume, thoughout, that the upper bounds provided by Knitro are valid.
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Table 2.5: Performance of Cutting-Plane Algorithm (Not Warm-Started)

Cutting-Plane Algorithm

Primal bound

Case Objective  Time Computed Added Rounds Objective ~ Time
9241pegase 309221.81 378.82 135599 29875 23 315911.56 96.74
9241pegase-api 6924650.57 277.32 128316 30230 21 7068721.98  73.85
9241pegase-sad 6141202.28 386.51 113686 27273 21 6318468.57 3392
9591goc-api 1346373.10 187.26 87812 22469 22 1570263.74  42.85
9591goc-sad 1055493.25 246.87 90153 20514 27 1167400.79  28.15
ACTIVSgl10k 2476851.62 132.16 60803 18183 19 2485898.75  76.71
10000goc-api 2502026.03 147.12 73084 19666 24 2678659.51 23.46
10000goc-sad 1387303.02 114.97 58984 18528 17 1490209.66 103.06
10192epigrids-api  1849488.30 152.87 97921 24882 22 1977687.11 117.15
10192epigrids-sad  1672819.53  185.02 95740 23726 23 1720194.13  23.74
10480goc-api 2708819.18 200.48 114967 29805 21 28634844  38.71
10480goc-sad 2287314.69 270.38 118122 28004 24 2314712.14  27.93
13659pegase 379084.55 841.83 176962 37297 22 386108.81 1184.15
13659pegase-api ~ 9270988.77 326.57 147479 34390 19 9385711.45 4443
13659pegase-sad ~ 8868216.24 301.87 130682 32662 19 9042198.49  42.08
19402goc-api 2448812.41 440.67 213564 52388 22 2583627.35  87.33
19402goc-sad 1954047.79 488.33 218291 49749 25 1983807.59 64.01
20758epigrids-api  3042956.88 464.17 189436 46124 25 3126508.30 61.39
20758epigrids-sad  2612551.03 379.36 180790 44624 24 2638200.23  58.11
24464goc-api 2560407.12 471.14 226595 57162 22 26839619 533.03
24464goc-sad 2605128.51 506.39 222908 55242 23 2653957.66  73.87
ACTIVSg25k 5993266.85 592.39 156285 43851 28 6017830.61  56.69
30000goc-api 1531110.84 464.16 142385 41840 24 1777930.63 134.71
30000goc-sad 1130733.51* 147.74 76546 76546 6 1317280.55 565.05
ACTIVSg70k 16326225.66 1065.76 ~ 350572 123431 13 16439499.83 240.55
78484epigrids-api 15877674.54 1007.99 556893 240576 10 16140427.68 1079.03
78484epigrids-sad 15175077.19 1062.55 501202 313587 8 15315885.86 343.45
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otherwise would often fail.

As we mentioned at the beginning of this section, the i2 SOCP is numerically even more
challenging for the solvers than the Jabr SOCP. Indeed, in Table 2.7 we can see that the solvers
do struggle (see also Table 2.12). We studied in detail some cases where Gurobi AMPL declared
optimality —for example case ACTIVSg70k— while reporting variable bound max scaled violation
equal to 8.43 as well as large primal and dual residuals (0.0128 and 3.25, respectively). Moreover, we
noticed inconsistent termination status for cases 10192epigrids-sad, 10480goc-api, 20758epigrids-
sad, and 30000goc-sad on Gurobi and Gurobi through AMPL (Gurobi-AMPL) using the same
model; Gurobi AMPL declares optimal termination for these instances while Gurobi does not.
Cases for which we were able to identify low quality solutions or inconsistencies have been denoted

with the character “i" next to their reported objective value in Table 2.7.

2.8.2 Warm-Started Single-Period Instances

As described in the introduction, in power engineering practice it is of interest to address
problem instances where a limited change in data occurs after solving a previous problem. In the
context of this paper, we can therefore assume that we have a warm-started formulation, i.e., one
where we leverage previously computed cuts. Here we present this warm-starting feature of our
algorithm; we justify its validity and show via numerical experiments its appealing lower bounding
capabilities.

We note that the convex inequalities (2.28), which we use to develop cuts, do not depend on
input data such as loads or operational limits. Any such cut remains valid and can be used if the
associated branch remains operational. This will be our strategy, below.

We created two kinds of perturbed instances: a) Instances were the load of each bus was
perturbed by a Gaussian (u, o) = (0.01 - P;,0.01 - P;), where P, denotes the original load, subject
to the newly perturbed load being non negative; and b) instances were the transmission line which
carries the largest amount of active power in an ACOPF solution is turned off. With regards to

cases of type a), we focus on relatively small individual load changes to model re-optimization after
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Table 2.6: Solvers’ Performance on Jabr SOCP

Objective Time

Case Gurobi Knitro Mosek Gurobi Knitro Mosek
9241pegase - 309234.16 - 82.11 34.68 31.11
924 1pegase-api - 6840612.84 - 11632 2339 72.29
924 1pegase-sad - 6083747.85 - 111.05 26.01 75.99
9591goc-api 1346480.71 1348107.89 1345869.72 38.25 23.74 36.60
9591goc-sad 1055698.54 1058606.56 1054379.58 49.29 32.83 37.61
ACTIVSgl0k - 246817293 2466666.10 40.18 21.48 26.08
10000goc-api - 250703494 2498948.00 48.63 35.19 30.13
10000goc-sad 1387288.49 1388679.63 1386041.07 23.58 26.27 23.68
10192epigrids-api - 1849684.14 1848873.47 75.82 42.69 29.09
10192epigrids-sad - 1672989.96 1672534.72 83.85 28.33 28.63
10480goc-api - 2708973.58 2707828.26 7594 27.21 56.82
10480goc-sad - 2286454.3 2285547.23 14993 38.17 59.48
13659pegase 379135.73  379144.11 - 33.61 4326 3492
13659pegase-api - 9198542.14 - 162.21 30.64 105.11
13659pegase-sad ~ 8826902.31 8826958.23 8787429.86 83.75 31.84 108.74
19402goc-api - 2449020.25 2447799.72 158.12 152.89 103.04
19402goc-sad - 195433170  1952550.06 203.56 155.89 104.88
20758epigrids-api - - 3040421.02 14399 TLim 93.46
20758epigrids-sad - - 2610196.94 98.30 TLim 75.88
24464goc-api 2548335.96 - 2558631.63 603.95 TLim 129.90
24464goc-sad - - 260352546 333.50 TLim 128.50
ACTIVSg25k 5956787.54 5964417.54 5955368.56 169.66 87.14 87.18
30000goc-api - 1531256.65 1529197.81 207.60 118.80 123.38
30000goc-sad - - 1130868.71 191.22 TLim 84.90
ACTIVSg70k - 16221577.73 16217263.66 553.26 320.98 232.47
78484epigrids-api - - - 756.00 TLim 637.48
78484epigrids-sad 15180775.21 - 15169401.54 463.17 TLim 601.04

58



Table 2.7: Solvers’ Performance on i2 SOCP

Objective Time
Case Gurobi Knitro Mosek Gurobi Knitro Mosek
10192epigrids-api 1849683.44 1849684.2 - 3744 19.4 30.74
10192epigrids-sad  1672998.72F 1672998.73 - 2336 21.48 2453
10480goc-api 2709110.52+ 2709110.71 - 4144 27778 35.28
10480goc-sad 2287736.73 2287715.33 - 41.11 28.46 28.48
13659pegase 379142.67 - - 5212 TLim 3649
13659pegase-api 028724277 9287244.72 - 66.39 236.65 30.01
13659pegase-sad 8878803.69 - - 63.11 TLim 3048
19402goc-api 2449100.15F 2449102.05 - 7938 55.6 54.18
19402goc-sad 1954367.11% 1954367.2 - 180.97 59.46 82.55
20758epigrids-api - 304327595 - 79.03 64.17 56.02
20758epigrids-sad  2612841.717 2612841.8 - 48.32 84.07 58.87
24464goc-api 2560829.65+ - - 13234 TLim 88.79
24464goc-sad 2605532.65+ - - 7443 916.1 6541
ACTIVSg25k 5994727.45 - - 70.61 TLim 52.38
30000goc-api 1531320.78 1531322.2 - 9691 593.73 71.38
30000goc-sad 1132242.88F 1132256.94 - 78.0 325.11 74.61
ACTIVSg70k 16333807.38+ - - 30098 TLim 209.3
78484epigrids-api  15882668.49 15882668.46 15882654.42 216.15 315.31 203.81
78484epigrids-sad  15180792.15 15180792.0 15180763.6 250.43 376.82 222.17
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a relatively small time change. In the multi-period setting, below, we consider much larger load
changes, to capture hourly models. Cases of type b) do change the structure of the network and in
their warm-start we removed any cuts associated with the switched-off branch.

Tables 2.8 and 2.9 summarize our warm-started experiments on perturbed instances from our
data set in Table 2.5 and compare our algorithm and solvers’ performance on the Jabr SOCP.
“First Round" reports the objective value and running time of the relaxation M, loaded with the
cuts computed in Table 2.5, i.e., our warm-started relaxation. Moreover, under “Cutting-plane",
we report on the objective value (at termination) and the total running time of our cutting-plane
procedure (on the warm-started relaxation). “Jabr SOCP" and “Primal bound" report, respectively,
on the objective value and running time of the Jabr SOCP for the three solvers, and ACOPF primal
solutions.

We stress that after just one round, the bound provided by our algorithm is already quite good
— and also point out the comparison between the running time for our first round, and the solvers’

running time.

Loads Perturbed — Gaussian Deltas. For most of these cases, our procedure proves very tight
lower bounds in less than 25 seconds (“First Round" column). Judging by the time required by
Knitro and by the number of cases in which the solvers converge running the SOCPs, it appears that
these instances are, overall, more challenging than their unperturbed counterparts.

Our procedure also stands out in quickly lower bounding the largest cases. For instance, a very
sharp bound for case ACTIVSg70k is obtained in 102.25 seconds, taking less than half of the time
it takes the fastest SOCP solver to converge. Similar performance is achieved on the largest epigrids
cases where our method is 3 to 5 times faster.

An interesting empirical fact is that our cuts are robust with respect to load perturbations. Indeed,
our evidence shows that there is not a considerable improvement from the “First Round" to the
“Last Round" objectives. Thus, the previously pre-computed cuts loaded to M, in the first iteration

are, already, accurately outer-approximating the SOCP relaxations.
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Our linearly constrained relaxations are able to prove infeasibility for the modified case
9241pegase-api in 23.10 seconds while none of the three solvers were able to provide a cer-
tificate of infeasibility for the Jabr SOCP. Knitro required 1845.42 seconds to declare convergence
to a locally infeasible solution. Similar results are obtained for case 244640gc-api.

The only case where our method fails to provide a valid lower bound is case 30000goc-sad — our
minimization oracle reports numerical trouble and fails to provide a solution to our warm-started
relaxation. This is not surprising since difficult numerical behavior was noticed when computing

cuts for this case.

Transmission Line with Largest Flow Switched Off. Overall, our method achieves a similar
performance on this set of perturbed instances as in a); sharp lower bounds are obtained in about 25
seconds for most of the cases.

For this data set, our method and all of the SOCP solvers are able to prove infeasibility relatively
quickly. On the other hand, our method proves a lower bound for ACTIVSg70k relatively quickly
in the first round, but fails to converge in the next round due to numerical trouble caused by the
newly added cuts.

As when perturbing loads, our warm-started formulation achieves a good performance on the
largest epigrid cases — bounds are sharp with respect to the SOCP relaxations and it is at least 3x

faster.

2.8.3 Multi-Period Results

Data At present, there is a dearth of publicly-available, realistic multi-period AC load and
generation data. One partial source is the set of cases developed for the GO3 Competition [39]'8.
Another partial source is the data set from the optimization package “UnitCommitment.jl" for the
SCUC problem [102]; however, the largest instance contains less than 14,000 nodes, which is not

among the largest publicly available instances. We are also aware that creating good ACOPF data

3The GO3 Competition does not provide explicit load data, since a welfare maximization problem needs to be
solved to determine the active and reactive power consumption. We purposely avoided this dependence on the solution
of another challenging optimization problem.

61



€I°ESE  ¥6'TLSOTEST 9468 WIIL  9S0TF €Y OILVLIST - GL'T09Z8IST TOSITT LTTO6SOSIST LLTIST 00°9989LIST pes-spuSidopgys)
€SET18 - YTTP9 WL  $9°LSL TS 0S66S8ST - - €6'€88  86'779S98ST 9L'STT +T'81€798ST  Ide-spusidopgyg,
YSEPT  0S'LIESTYIT LO6TT 9S'60€ 0886V €F°06T90T9T €5TS901C9T - 1S°9€S  SE988LIEIT STTOI THTLSITEIT NOLSSALLOV
LT0T9  SS'68€8IET  0TSL WIIL  +6°LST €S'SILTEIL - - ceop - €Cop - pes-0080000€
LY LOVE  ANIDOT T6'6IT €869 T9°€HT $9°ST9STST  €L°8EE8TST - SLIST  SVLS8PLTST  SEST  96°TIVLTST 1de-0030000¢
LSLS SO'LLVETO9  6€601 SLEL T08ET YO ISE6V6S  0£890096S  0SHOPTS6S 85861  SL9T0686S PT'8T  8T1°988886S JNSZTSSALLOV
8Y'TL 10TV6SS9T  $8'8TI WITL TI'€Cy 98°80Lv09T - - PSEET  8LELYIOIT  SL'9T 9L T6£909T pes-0034,94 ¢
YSvrrel - 9811 LEELS LOETT - ANI D01 - 8¢°0S  ANI 829T ¥1°08919SC 1de-00349417
ST6v I8768S€9C  61'TL WIIL  69°€Shl 97°060809C - - 60°€6  88°19T019C 9¥'0T €SL610T19C  Pes-spudidagc/0g
68°STPTT  ANI DOT TE8L WrIL  09VEl $T616TE0E - - 90v0T  9S'9L0EV0E  PETT  9L°900€v0E  1de-spusidagc/ 0T
2099 S6'9€69861 6101 TSTLI 06'1€T LOSIOSS61  09°0LS9S61 - 68°€IT  16€I€9S61  STET  61°SSTIS6I pes-00370t61
66'0vby  ANIDO1 TEE0L 6€0TI L89PI 0S'SOLISYT  €E8pyTsvT - 01'0C1  €80LTISYT SS €T 69°SS1TSHT 1de-00370161
00 TSH066£06 65701 6I°CE  6V98 - €0'98Y7C88 0T THIYTSS VYO EIT 617685988 STIT 6S€ELS988  Pes-ose3adagocT
0T'T9 LS'LLT89E6  TIESIT 10 11°L6 - 076921816 €6'SOTIST6  0T60T  SHELLEST6 STIT LO6ESEST6  1de-oseSadegoct
€TOLE  STS9L98¢  SLTE LISy ITYE - EVP086LE  LE66L6LE 889y  ISVOLOLE  PL'O9  TOTYLOLE ase3adegoc |
YELT 18°861T2€T  1€8S 06'SE  TTSY8I 9508767  SC080v6CT - €6'0L  69°066v67C 18T1  LES06V6TT pes-00308+01
68°9¢ 8T'S6V898T  T6'SS  LSLT LU'L6T SSTEVEOLT EL'ELEVOLT - SP'S8S  S6'TSTVOLT  €¥T1 6T LSIVOLT 1de-00308101
68°€T 9C'6TPLILT  99°SE  19°8T  ¥9°€L  L9V9ETL9T  TO'EESTLIT - LEES  19°86£TL9T  €€01  68'8SETLIT  pes-spHSIdaZaI0T
SE8SHl  ANIDOT 66'SC LIy  8€S9  €60TILYST 9T'SST8Y8T - Y8Sh  SPECISPST  LTOI  9¢'S808781  I1de-spusidoga 101
TL€6 PrISYE6YT  L9ET  1€67 96'ST  LI'SSSLSE1 1Y 0ST06El  16078S88El  0S PP  60°6S88SET 0L'S  98°€E888€l pes-00300001
ITLL9T  ANIDOT €CTE  VKEP  16'1€  SL'ELE66VT  SLPLOLOST O£ 9¥610ST  SY9€  10°860T0ST 1SS 8T670TOST 1de-00300001
YT'LS SI'E60VSYT  €€6T  SLIT  1€TP - 0T'€8€99%C - 1S0S  69°8L0SLYT  TS'6 €V IYOSLYT NOISSALLOV
€5°6T €CG6SSLIT  TS'LE POPE  SSIS  1€ETELSOT  €8GLTIO0L 9L LEE8SOT  LES9 vV LSISSOT  T9TI 8P HTISSOI pes-0031656
91'vS 6STSSTLST 0SS 9€ST  9€6E  6TO6IEPET  LSPSESPET €V LILEVET  9€9S  TOOLIEKET  90'T1 LY THISHET 1de-0031656
LSV T6'E9LECEY  €F'E8  LO9T  ISL6 - €0'EVL9609 - 8L9ET  6SLITPST9  ST9T  T6°€I6£ST9 pes-ose3ad 1176
6'SH81  ANIDO'T 967, WILL  €SHEL - - - 01'€c  ANI 01I'€c  dANI 1de-ose3ad 176
8101 €S°6L6SIE  ¥09E  1TTE TIEL - L9T0€60E - 8T'091 L6'66T60€  SL'El  TE'88TOEOE asedad|176
QUL LINbE]l o) MOSON OMIUY IqoInn) YISO onruy[ 1qoInn) Qg aA192[qO aur,  2Andalqo ase)
punoq rewrig QuuLy, aAn2lqO punoyf 1sIq
dDOS 1qef aue[d-Sumny

(P4 - 10°0 ‘B4 - 10°0) = (0 ‘1) ueissnen) paqinyiad speOT ‘SUONBXB[IY PIIBIS-UWLIBA :§°T J[qBL

62



IY'TLT  69°7L90EEST #8¥6S WITL  6S°Ley S9TOLTSIST - 66'S80881ST €€ ISIT 69°086S8IST  S9'6v1 TTTSY6LIST Pes-spusideygyg/
6L°8TET TO'OVL69TOT +L'ST9 WITL  TTTCE 8LTIHOSSST - SSSSOV68ST 88°916> 11°67TC68ST YOI 81'¢5€888ST  1de-spusidoygyg/
18°091¢ ANIDOT 09671 WITL LLOST - - - 1S'86  «PL'TTSITYIT 1S°86  +L'TTSITHII NOLSSALLDV
€981  1LTCOvCEl  LTvL WUIL  TI'SIT 8LLIGOESIT - - 096y - 09°sy - pes-0030000¢
97°€0z¢ dANI D01 LL6TT TL'SET +LS6T TI'S6I6TST I+ €10TEST - 0€0ET  S6'6STIEST  TO'ST  SSOTTIEST 1de-0030000¢
8¢ €91 ANIDOT Y18 TS9O  8THPI LS00S6009  €0°SL88T09 TS'9S96009 L9°8EC  98°TTISH09  TSLT  88°$885+09 NSTESALLOV
6£9L  SYYPEYSOT  61VCT 69FL  LTHIS ¥E609€09C  €THLYS09T - 18991  €0°69€S09C  86'9C  SL'6LIS09T pes-0034,9t4¢
€9°€991 €6'80LY89C  SO'SIT WITL I8°0Fy SSOPT6SST - TTSITOSST 08 19T  €0°0TT19ST  +6°ST 11699095 1de-0034,9t47¢
LSLY  ¥909S8€9T TOEL WIIL L9691 T+'SIE019C - - 68°STT  LE98LTI9C  T9'0T 0L9¥9TI9T  pes-spusidegs/ ot
T8TS  ICTILSTEIE 6196 WITL  8LTIT PLYLOTYOS - - TOEET  9P069vP0E  PPO0T  1TT8PEPOE  1de-spusidegg/ ot
8€°€9  €8S6S86T  €97TOT OT°9ST €6'8ST S0'9L9ES6T  SEOTTSSHT - TST6T  90°188YS61  OL'€T  6£°S9EHS61 pes-00370t61
0T€0F  0S'ST6L8ST  8SHOT €0CET THHST T0°88Y0SYT  6€°E€6LISHT - TETLT  091291SPC  €6'€T  60°01T0SHT 1de-00370t61
€LTT  ANI 9L€T 080T <TOTT  ANI ANI ANI €9°0T  dNI €9°0T  dANI pes-ose3adegoc|
SSIT  ANI 6LE€T 068 60T ANI ANI ANI 1801 dNI 180T ANI 1de-ase3ad6go¢ |
€6V6E  €6'9C198¢  06'1¢  €8°6ve 8I°€E - PI'C8I6LE  66'LLIGLE 96661  8S'€916LE 6T€S  €1T016LE asedadegoc
€1'9C  9L°6LT8IET €465 S9LE  ¥S901 80+9898CC €£T69088CT - 8886  LV'69688CC  LY'El  $9'69088CC pes-00308+01
90'STT  0S'669798C 8S9S  66'LT O0¥V'S6  SI'0TSOILT  LTYCTIILT - 68°¢L  €TO0IIILT  €€T11  9¥0v00ILT 1de-50308+01
I1¥C  OSPIOVELT  $S8T  16€h 1669  LSPISELIT  1TLIVPLIL - 6L 66VLTPLIT  SOIT  0SSLSEL9T  pes-spusidoze101
I'LIT  SO€6VITOT  0€ST 108 1869 ¥ 178681  9L'88L0SST - €489  I8'1790S8T  L¥'6 T8 1066v81  tde-spusidozer0l
61801 88°L8I90ST  +¥IVC $THE €597  SL'E8TI8ET  89°0L888ET €€08VLIET  #1°99  68°SISLSET  9L'8  S9TYELYET pes-00300001
8TET  SCOTET69T  SI'TE  SOEEE  €0IE  SL'9ET90ST 91 166¥IST 00°9¥860ST 019y 69'1L660ST 908 SI'1L990ST 1de-00300001
SY'T60L ANIDOT TSLT 09°TT  I8VP  SEI8699YC 96 1T889VT - S8°GL  6LLESLLYC  ¥6'6  SO'SYOLLYT JN0TSSALLOV
06'6C  ¥Y9LTO66IT  8I°LE  I¥'SE  60°Sh  T€TOSSSOT  01°T8€6SOT  8¥'L¥b9SOT  +9° 10T LS'L9T9SOT  ISTT  €5°€T8SSOI pes-0031656
80°8T  IS6T8S6ET  689¢  SELI  0£6E  66°LEVIVET  vH I6SSYET SL'6969YET  9L°09  90°6S89vET  THOI  S6'0LYIVET 1de-0031656
9’8 ANI 1€0T 0I'8  +I'S  ANI ANI ANI ) ANI €L dNI pes-osesad[ {76
€T'8 ANI TC0l 08 6L ANI ANI ANI SS'L ANI SS'L  ANI 1de-ase3ad 76
LES ANI TTOT SS'L 9¢'8  ANI ANI ANI 9801  ANI 9801  ANI asesad {76
Quuly, 2An29[qO SOSON OMIUY IQOINL)  YISON onIuwyy 1qoInon Quuly, aAnd2[qO 10014 JEE-TN s =] 1¢ [ ase)
punoq rewrig QuIly, 2AN29[qO punoy 1sIJ
dOOS 1qef ue[d-Sumn)

JJO pauIn) MO 1S93Ie[ IIM QUIT UOISSTWSURI], ‘SUOTIBXB[Y PIMRIS-UWLIBA (6°7 9[qBL

63



is a non-trivial task [103], [99], but given that there were no publicly available multi-period load
time-series to match the standard largest AC cases we developed our own data sets'”.

We created and worked with three data sets: (1) 7' = 4 with increasing?® (on expectation) active
power loads, to be precise, at each time-period ¢ € {1, 2, 3}, P,jt issetto (1 +0.01 -t + uy,) - P2,
where uy,,; is a uniformly distributed random variable with range [0, 0.025]; 7' = 12 where a half-
a-day active power load curved is simulated, see Figure 2.7; and (3) 1" = 24 where a 24 hr active
power load curve is simulated, see Figure 2.8. Moreover, we assumed 50% generator ramp up r"

and down r¢ rates for consecutive time-periods (see Section 2.3.1) in all of the three settings.
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Figure 2.7: 12hr load curve. Figure 2.8: 24hr load curve.

Upper Bound Heuristics In order to evaluate how tight a given lower bound is, an upper bound is
needed. We relied on two simple heuristics to compute upper bounds. The first heuristic, which we
term H1, consists in providing to Knitro the complete multi-period formulation. The parameter setup
for H1 is: absolute feasibility tolerance equal to 107%, while we set relative optimality tolerance
to 1073; simple variables bounds are enforced throughout the optimization; and 7T, = 3; and

time limit of 2400 seconds for 7" = 4, and 7, 200 seconds for 7" = 12, 24. If H1 fails, then we

9These data sets can be downloaded from www.github.com/matias-vm.
20Given that the PGLIB library [101] contains congested instances, we applied decreasing (on expectation) active
power loads perturbations to the PGLIB instances.

64



proceed with heuristic H2 which solves one single-period ACOPF instance at a time, and upon
convergence, fixes the upper and lower limits of active power generation of the next instance as
a function of generator outputs in the current period. To be precise, for every generator k € G
and any time-period t € {0,...,T — 2}, and provided that the nonlinear solver converges for the
single-period instance at time ¢, then the output of generator k& for the time-period ¢ + 1 is bounded
by Pl < P,y < PSS where PR = (1 =il )Py and PYE = (147, ) Py, If the
solver fails to find a solution for some time-period, then we declare failure of H2. Overall, H2
succeeded in most of the instances for which we were able to obtain a primal bound. The parameter
setup for H2 was the same as for H1 except that we set the time limit for single-period ACOPFs to

1,200 seconds.

SOCPs: Solver Parameters for Multi-period Instances With respect to our SOCP experiments,
we set a time limit of 2, 400 seconds for 7' = 4 instances, 4, 800 seconds for 7" = 12, while we set
8,000 seconds for 7" = 24 instances. In what follows we describe the parameter specifications for

each solver for the SOCP runs.

* We use Gurobi’s default homogeneous self-dual embedding interior-point algorithm (barrier
method without Crossover, and Bar Homogeneous set to 1), and we set the parameter Numeric
Focus equal to 1. Barrier convergence tolerance and absolute feasibility and optimality

tolerances were set to 1075, Gurobi was allowed 20 threads.

* We use Knitro’s default Interior-Point/Barrier Direct Algorithm, with absolute feasibility and
optimality tolerances equal to 107%. We used the Intel MKL PARDISO sparse symmetric
indefinite solver, and the Intel Math Kernel Library (MKL) functions for Basic Linear Algebra
Subroutines (BLAS), i.e., for basic vector and matrix computations. Moreover, we gave
Knitro 20 threads to use for parallel computing features (10 threads were given to the linear
solver). When solving the SOCPs, we explicitly instructed Knitro to handle the problem as

convex, and to enforce simple variable bounds throughout the optimization.

* We use Mosek’s default homogeneous and self-dual interior-point algorithm for conic op-
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timization. We set the relative termination tolerance, as well as primal and dual absolute

feasibility tolerances to 10~¢. We assigned 20 threads to Mosek.

We recall the reader that we use the 12+(p) relaxation, with p = 100, as target set for our
cutting-plane multi-period experiments. For our cutting-plane algorithm, when 7" = 4 a 1,200
seconds time limit was enforced prior to starting a new round of cutting; the time limit was 3, 600

seconds for 7" = 12, and 6, 000 seconds for 7" = 24.

Not Warm-Started Cutting-Plane Algorithm: T =4

Table 2.10 summarizes our not warm-started cutting-plane experiments on multi-period instances
with T' = 4. Columns “# Vars", “# Cons", and “FTime" denote the number of variables, number
of constraints and formulation time of the base model M{. Under “First Iteration" we report on
the objective value, running time, and maximum dual infeasibility error (see Section 2.7) of the
relaxation M{, i.e., without any cuts. On the other hand, “Last Iteration" presents the objective
value, running time, total number of cuts held by the model M , on the last iteration of the
algorithm, and maximum dual infeasibility error. “Total" presents the total running time of our
algorithm and the total number of rounds of cuts, and “ACOPF" describes the number of variables,
number of constraints, and the objective value and running time of each ACOPF primal solution.

Overall, we can see that lower bounds are fairly tight; even our base model M without any cuts,
whose objective value is shown under “First Iteration", attains quick and sharp lower bounds for
these multi-period instances. For instance, an optimality gap of 6.91% is achieved by M/ for case
ACTIVSg70k, and, after three rounds of cuts, nearly 800,000 cuts drive the gap down to 1.75%.

Our cut management heuristics prove to be empirically successful: dual infeasibility reported by
Gurobi is either maintained or slightly worsened (compare “DInfs" of “First Iteration" versus that of
“Last Iteration") after adding a significant number of cuts. This means that our cuts are keeping our
linearly constrained relaxation numerically stable and that our reported lower bounds are reasonably
accurate (Section 2.7). Moreover, we observe that instances which require a significant number of

rounds of cuts, say 10 or more, under the given time limit, notoriously benefit from our cut clean-up
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heuristic. We see that a small number of cuts (roughly 10% of the total number of constraints) is
good enough to outer-approximate the rotated-cones and attain sharp ACOPF lower bounds (as in

the single-period case; Section 2.8.1).

Warm-Started Cutting-Plane Algorithm: T =4, 12, 24

We use a simple methodology to warm-start the algorithm described in Section 2.6.2: we
propagate cuts for the original instances to every time-period. To be precise, we create a pool that
includes, for each branch {k, m} € &, all the associated single-period cuts — which are assumed
to have been previously computed (Section 2.8.1). The cuts in the pool are propagated to every
time-period ¢ € {0,...,T — 1} and are added to the base model M.

In Tables 2.11 and 2.12 we present the results of our warm-started experiments with 7' = 4.
In Table 2.11 we compare our lower bounds (obtained by warm-starting our base model with
precomputed cuts) against the lower bounds obtained by solving the Jabr SOCPs with each of
the three commercial solvers. In Tables 2.12, A.1, and A.2 we compare our bounds against the
performance of the solvers on the 12+(p) relaxation plus Jabr inequalities for every branch whose 12
inequality is bad; this relaxation is numerically better behaved than the i2 SOCP (see discussion in
Section 2.5.5).

In both tables the columns “# Vars", “# Cons", and “FTime" denote the number of variables,
number of constraints and formulation time of the base model M (before adding the previously
computed cuts). ‘First Iteration" reports on the objective value, running time, the number of cuts
with which the instance was warm-started, and the maximum dual infeasibility error (Section 2.7)
of the warm-started relaxation M%. Multi-column ““Last Iteration" presents the objective value,
running time, total number of cuts held by the model M}’ , on the last iteration of the algorithm,

and maximum dual infeasibility error of model M} ,.

“Total" presents the total running time of our
algorithm and the total number of rounds of cuts. Under the header “Jabr SOCP", columns “#Vars"
and “#Cons" denote the number of variables, number of constraints of the Jabr SOCP (which are the

same for the three solvers given that we used a common AMPL model file), and “Obj" and “Time"
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show the objective value and running time of the Jabr SOCP for each solver. Finally, under column
“ACOPF" we report objective value of an ACOPF primal solution.

As in the single-period experiments (Tables 2.8 and 2.9), “First Iteration" shows that our warm-
started relaxation, i.e., model M loaded with the propagated precomputed cuts, attains sharp
bounds fairly quickly. A notable example, in which at least 2 solvers converge in Table 2.11, is case
ACTIVSg25k for which Gurobi solves the convex QP in 94 seconds resulting in 2.1% optimality
gap. Moreover, after 9 rounds of cuts our algorithm is able to drive the down the optimality gap to
0.5% at very high accuracy (Figure 2.10).

Dual infeasibility in Table 2.11, as in the not warm-started experiments, is not significantly
worsened by our cuts, i.e., they do not seem to ill-condition our instances. On the contrary, we
see that for some instances, our cut management heuristics are able to improve on this metric. In
Figure 2.9 we illustrates the evolution of the number of outer-envelope cuts with respect to iterations
of our cutting-plane algorithm for two 7" = 4 warm-started cases. For instance, ACTIVSg10k was
warm-started with 28,184 cuts, and peaked 111,323 cuts at iteration 6 which corresponds to the
chosen threshold 7,4 (Section 2.6.2). From the 7th iteration onward, there is a steady cut-cleansing
ending up with 51, 188 cuts. As expected, both instances end up with more cuts than were present
when warm-started.

With respect to the solvers’ performance on the SOCPs, we see that all of the solvers struggle.
In Table 2.11 we see differences up to the second digit in the objective values of instances on which
at least 2 solvers converge, which corroborates that these are numerically challenging instances.
Table 2.12 exhibits even more striking results; here we ran the solvers on the i2+(p) relaxation (the
relaxation that we are outer-approximating with our cutting-plane algorithm).

In Appendix A.5, we present tables A.1 and A.2 which show computational results for our
T = 12 and T" = 24 instances. We see that Gurobi is able to robustly handle our very large LPs and
convex QPs, such as case ACTIVSg70k, with almost 19 million variables and 20 million constraints.
For this instance, we load 1.5 million precomputed cuts, and after two rounds of cuts we end up

with 3.35 million cuts, and the solver outputs a lower bound with very small dual infeasibilities.
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For these large instances, we were only able to compute an AC primal bound for case 1354pegase

T = 12; our heuristics failed in all the other instances with 7' = 12 and 7" = 24.
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Figure 2.9: Cut management for 7' = 4 warm-  Figure 2.10: Lower bounds for ACTIVSg25k
started instances. and number of cuts.

On tables 2.13 and 2.14 we compare our linearly constrained warm-started relaxation against
multi-period DCOPF*!. We report on the number of variables and constraints for each instance,
as well as the objective, total running time, and dual infeasibilityzz. We remind the reader that
DCOPF is a linearly constrained approximation of ACOPF, not a relaxation [49]; hence, DCOPF
infeasibility does not necessarily imply that the associated ACOPF is infeasible, in sharp contrast to
what any relaxation for ACOPF guarantees.

Our ACOPF relaxations quadruple the size (in terms of number of variables and constraints)
of the corresponding multi-period DCOPF instances. Gurobi clearly runs faster on multi-period
DCOPF. Interestingly, there are some DCOPF instances for which Gurobi does not converge®® —
either because of suboptimal termination or because it runs into numerical trouble — while it does

converge for our ACOPF relaxations attaining small dual infeasibilities.

2'Multi-period DCOPF is solved with Gurobi using the same parameter setup as our cutting-plane algorithm.

22For our relaxation, we report on the last iteration of our cutting-plane algorithm. Moreover, the number of
constraints includes the total number of cuts kept during the last iteration.

23We remind the reader that there are alternative formulations of DCOPF. Rather than directly solving an LP or
convex QP, such alternative approaches could significantly enhance computational efficiency by exploiting problem
structure (deploying a delayed constrained generation algorithm where the decision variables are nodal injections).
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Table 2.13: Warm-Started Relaxation versus DCOPF,

T =12

Warm-Started Relaxation DCOPF
Case #Vars #Cons Obj Time DInfs #Vars  #Cons Obj Time Dinfs
1354pegase 201209 250008 860664.27  92.63 1.06e-08 62369 67828 850023.48  2.44 1.72¢-10
9241pegase 1574972 1980693 3565252.49 3811.42 4.32e-04 | 447608 477952 3627501.88 18.06 3.76e-10
ACTIVSg10k 1375020 1639853 28690135.28 1308.80 3.38e-07 | 449628 501812 28187885.77 19.50 2.34e-07
10000goc-api 1401204 1686928 28459989.11 1066.39 2.40e-08 | 446364 490232 INF 20.15 -
10000goc-sad 1401204 1647684 16474320.51 1450.12 3.36e-06 | 446364 490232 16114986.72 19.96 2.21e-07
ACTIVSg25k 3447015 4472632 69534077.06 4073.97 9.75e-07 | 1097943 1199456 67992943.20 48.82 7.88e-07
30000goc-api 3768147 4484763 17079448.81 3667.40 1.06e-05 | 1225815 1299860 - 75.87 -
30000goc-sad 3768147 4373646 13190466.44 3901.76 2.45e-06 | 1225815 1299860 12846216.92 53.33 7.65e-08
ACTIVSg70k 9368583 11913750 188736994.5 4702.30 3.66e-08 | 2977455 3195644 - 175.35 -
78484epigrids-api 12551704 14607420 INF 447.39 - 13555448 3699780 INF  4.19 -
78484epigrids-sad 12551704 16185978 177335668.05 5465.67 1.36e-04 | 3555448 3699780 - 17591 -

Table 2.14: Warm-Started Relaxation versus DCOPF, T" = 24

Warm-Started Relaxation DCOPF
Case #Vars #Cons Obj Time DInfs #Vars  #Cons Obj Time Dinfs
1354pegase 402677 503633 1666609.97 180.61 2.97e-08| 124997 136696  1646661.83  4.61 2.15e-10
9241pegase 3151388 4613025  6925029.02 8419.66 1.25¢-03| 896660 961684  7013508.62 36.02 5.25e-10
ACTIVSgl10k 2752524 3290672 55184650.09 2869.25 7.18e-08| 901740 1013564 54241448.25 37.77 5.44e-08
10000goc-api 2804496 3403822 53800966.46 2273.58 3.18e-07| 894816 988820 INF 40.25 -
10000goc-sad 2804496 3262316 32678842.78 3099.33 7.97e-06| 894816 988820 32120062.03 41.02 1.97e-06
ACTIVSg25k 6898863 8756843 134142620.00 6991.16 2.08e-06 | 2200719 2418248 13132527236 95.18 5.69e-09
30000goc-api 7539819 9332691 31616476.13 6799.92 2.06e-05 | 2455155 2613824 - 17142 -
30000goc-sad 7539819 9661317 25811075.96 6249.53 1.23e-05| 2455155 2613824 25279287.29 108.86 2.22e-08
ACTIVSg70k 18747555 23469443 357083446.24 8496.71 2.98e-08 | 5965299 6432848 - 829.66 -
78484epigrids-api 25110280 24855336 - 2138.78 - 7117768 7427052 INF 380.67 -
78484epigrids-sad 25110280 30188832 344805634.00 5399.62 1.34e-04 | 7117768 7427052 - 513.08 -
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Table 2.15: On the convergence of dual variables of active-power balance constraints 7' = 4

IA* = AR,

Case k=2 k=4 k=6 k=8 k=10 k=12 k=14 k=16 k=18
1354pegase 42.5161 9.2024 29110 2.0099 1.0506 0.4326 0.189 0.1038 0.0494
ACTIVSg2000 2590985 481.1567 133.0116  67.344 38.3696 13.2228 7.9999 2.8572 2.5617
2869pegase 84.6365 14.806  5.7585  3.4687 2.4777 0.9821 0.8868 0.4770 1.8608
6468rte 232.8488  42.6396 14.7121  7.3318 4.1112 1.5908 1.2435 0.3554 0.6279

ACTIVSglOk 6394.2841 1712.8186 475.1414 104.5385 54.3611 17.6938 8.4489 7.7985 4.2688

2.8.4 Stability of Dual Variables for Active-Power Balance Constraints

In current energy pricing rules [28], [29], dual variables associated with active-power balance
constraints (2.8b) of a welfare maximization problem constitute a key input for computing Loca-
tional Marginal Prices (LMPs). In general, linear models such as DCOPF are used for pricing
because of their computational tractability. The trade-offs of using such approximations are well-
known. As stated in [30], “If DCOPF does not adequately reflect the physics of the power grid, the
prices retrieved from the DCOPF solution will not be accurate. Thus, tighter relaxations of ACOPF
could lead to prices that better reflect scarcity in the physical network." Among their findings,
the authors empirically show that nonlinear tighter relaxations such as the Jabr SOCP or the QC
relaxation mitigate biasedness in price signals, in particular in congested networks, and lead to
higher welfare.

Given the theoretical and empirical evidence presented in this paper, we believe that our linearly
constrained relaxation is well-placed as a potential substitute for DCOPF in electricity market pricing.
A first step in evaluating its potential is to understand whether the dual variables associated to active-
power balance constraints of our dynamically built linearly constrained relaxations numerically
converge to some vector of duals. In Table 2.15 and Figure 2.11 below we provide preliminary
evidence of numerical convergence for medium-sized 7' = 4 instances. At each iteration k£ > 1
of our cutting-plane algorithm, we obtain the corresponding vector of duals \* and compute its

Euclidean distance to its predecessor \*~1.

73



500 T \ T

—=— 13H4pegase
—— AVTIVSg2000
400 - 2869pegase ||
— 6468rte
N ACTIVSgl0ok
T: 300 - :
=
|
= 200 a
100 |- a

e 5
2 4 6 8 10 12 14 16 18
Cutting-plane Iteration k

Figure 2.11: Distance between dual variables of active-power balance constraints of consecutive
cutting-plane iterations.

2.9 SDP-based Strengthening of the Relaxations

Building on the cutting-plane framework introduced in Section 2.6, we propose a new approach
to leverage semidefinite programming (SDP) relaxations for the Alternating-Current Optimal Power
Flow (ACOPF) problem. Our goal is to combine the tightness of SDP relaxations with the scalability
and numerical robustness of linear programming by constructing linear outer-approximations that
avoid solving SDPs directly.

We note that in existing approaches to SDP relaxations for ACOPEF, a strictly positive lower
bound on transmission line resistances is typically enforced to ensure numerical convergence of the
corresponding SDP implementations. In contrast, our algorithms make no such assumptions on the

data.

2.9.1 Revisiting ACOPF through QCQP Formulations

In Section 2.2, we derived (2.4) which shows that the complex power injected at bus £ into line

(k, m) can be written as

Skm = ViVl (G — jBik) + ViV (Grm — JBim) -
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Since Py, = RSk, and Qp,, = Sk, We obtain

Py = G VilVi' + G RVEV, — B R ViV,
= G| Vi* + GrmRVAVE + B SV
Qrm = —BrRjViVii + GemSViVi — BemS9ViV,,

= —BuRj|Vi|* — BimRViVE + G SVAVE

by the linearity of i, & and the fact that Rjz = —3z and S5z = Rz for z € C. It is straightforward

to verify that P, and @), also depend on RV, V,* and SV, V" since RV,,V," = RV, V" and

SV, Ve = =SV, V. Following the approach in in Section 2.5.1, we introduce the auxiliary
variables v,(f) = |Vi|?, 2 = \Viul?, i = RViV and sy, = IV, V. Moreover, recalling that
ViVr + Vi, Vi ViVre =V, Vi
RV V= Am TVl gy el = Ve

2 ’ 27

we obtain the so-called complex-voltage representation [55]. This leads to the following quadrati-

cally constrained optimization problem in complex variables?*:

24We remind the reader that angle-difference constraints have been omitted; see Section 2.3.
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Figure 2.12: ACOPF Complex-Voltage QCQP Formulation

[ACOPE-C] : min Y Fp(Pf) (2.38a)
keg
subject to:
Vbus k € B:
> Pm=)» P/-PF (2.38b)
{k;m}ed(k) LeGy,
Y Qem=) Q) -} (2.38¢)
{k,m}es(k) €EGy,

V branch (k,m) € A:

Pim = G0l + GrmChm + BiomSkm (2.38d)
P = Gmm0? + GkChm — Bk Sk (2.38¢)
Qim = —Bi0t” = BimCim + GrmSkm (2.38)
Qi = —Bummv? — Bricim — Gk Skm (2.38g)
Y generator k € G:
PR < pgo< ppax (2.381)
Q™ < QF < QP (2.38))
Vbus k € B:
(VRin?2 < o) < (vmax)2 (2.38k)
v = ViV (2.381)
V branch {k,m} € &:
max { P, + Qi Py + Qi } < Ugomy (2.38m)

On the other hand, by writing the complex voltage phasors using rectangular coordinates, i.e.,

Vi = ex + j fr for k € B, we have the following equivalent QCQP formulation in real variables for
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ACOPF [52]:

Figure 2.13: ACOPF Rectangular QCQP Formulation

[ACOPF-R] : min Y F(P)) (2.39a)
keg

subject to:  (2.38b) — (2.38g), (2.381) — (2.38m)

VkeB:

o =+ 7, (2.39b)
V(k,m) e A: (2.39¢)
Chm = €kem + fkfm,  Skm = emfk — €kfm, (2.39d)

2.9.2 SDP Relaxations for ACOPF

We consider three SDP relaxations of the ACOPF problem. The first, which we denote by SDP-
C [55], is a complex-valued SDP relaxation of (2.38). The second formulation, which we denote
by SDP-R [53], arises from applying the Shor relaxation [53] to the QCQP (2.39) in rectangular
coordinates, where only second-order terms are considered. Finally, SDP-CR is obtained by
converting SDP-C into an equivalent real-valued formulation. We refer the reader to Section 2.4 for
a brief overview on SDP relaxations of ACOPF.

Before we introduce the relaxations we fix some notation. For the sake of simplicity, we assume
that there n € N buses labeled as B = {1,...,n}. We denote by (R?"*?" (...)) and (C™*", (-, -))
the Euclidean spaces of real matrices and complex matrices, respectively. We denote by (-)* the
Hermitian transpose. We recall that the standard (Frobenius) inner-product (-, -) is defined as
(A, B) = trace(A* B) for matrices A, B € H", where H" C C™*" denotes the subspace of (n x n)-
dimensional Hermitian matrices. This inner-product induces the Euclidean norm ||A|| := /(A, A).

We use A > 0 to denote that A is PSD, interpreting this over R or C according to the nature of A.

Remark 2.15. We note that the following semidefinite programming formulations are not presented
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in standard form. By means of an epigraph reformulation and the Schur complement, see e.g. [36],
[54], the objective can be expressed as a linear function in the matrix variable. Moreover, by

applying the Schur complement again, (2.38m) can be reformulated as a PSD constraint.

SDP-C

Following ideas from [55], the constraints (2.381) and (2.38h) can be written as
o = (RLVVY) cim = (Rips VV) Sim = (R, VV)

where the matrices R}, == ¢k, R, = 5(0rdm, + dmdf ), Biy = o5 (010, — b)) € T
are Hermitian, and ¢; € R" denotes the i-th canonical basis vector in R". Therefore, we can write
’U]E?) = (R}, VV™*), ckm = (Rgm, X) and Sk, = (Tong, X) with X = V'V, ie., X has rank one. By
relaxing the rank constraint and approximating the outer-product V'V* by a PSD matrix X € C"*",

we obtain the following SDP relaxation in complex variables:

Figure 2.14: SDP Relaxation of (2.38)

[SDP-C]:  min Y Fi(P) (2.40a)
keg

subject to:  (2.38b) — (2.38g), (2.381) — (2.38m)

Vbus k € B:
v = X, (2.40b)
V(k,m) e A: (2.40¢)
Com = m Shm = X’“%jm’“ (2.40d)
X =0, XeCw (2.40¢)
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SDP-R

On the other hand, by approximating the outer-product (e, f) " (e, f) by a PSD matrix W €

R?7*2n_j e., by relaxing the rank constraint in (2.39), we obtain the following SDP relaxation:

Figure 2.15: SDP Relaxation of (2.39)

[SDP-R] : min Y Fi(PY) (2.41a)
keg

subject to:  (2.38b) — (2.38g), (2.381) — (2.38m)

VkeDB:

0 = Wig + Wi, (2.41b)
V(k,m) e A: (2.41¢)
Com = Wiem + Wirmss Skm = Woer — Wigns (2.41d)
W =0, WeR™?™" (2.41e)

where £/ :=n + k for k € B.

SDP-CR

Next, we present SDP-CR. We first elaborate on a procedure, known as realification of an
Hermitian matrix, which reduces complex semidefinite programs to real ones. Let B?" C S?" be the

subspace of (2n x 2n)-dimensional real symmetric matrices of the form

A —-B
B A
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where A, B € R™" with A = AT and B" = —B. Let L : H" — B*" be the map defined by:

RX —-SX
L(X) = for X € H".
X RX
It is straightforward to verify that this map is a linear bijection. The following facts are standard: a

proof of Lemma 2.16 can be found in any linear algebra text, while a proof of Lemma 2.17 can be

found in [104].
Lemma 2.16. Let X € C". Then the quadratic form C"* — C defined as u — u* Xu is real-valued.
Lemma 2.17. Let X € H"*". Then X = 0 if and only if L(X) > 0.

Finally, we observe that the only constraints affected by the realification of X in SDP-C
are (2.40b) and (2.40d). Recall that these constraints can be written as v,?) = (R}, X), ckm =
(R;,,,X), and sg,, = (R}, X) where R}, R; ~R; € H"™". We make use of the following

fact [62] concerning the realification of Hermitian matrices: for any 7;, Z, € H"*", (Z,, Zy) =

$(L(Zy), L(Z,)). By this observation we have that

o = SL(RY), (X))

1 1
= §<5k5;— + 00, L(X)) = o (LX) + L(X i) (2.42a)

o = 5 (L(RS,,), LX)

1 1
= Z<5’“5; + Oy 4 O A 68, L(X)) = 5 (Lt + LX) (2.42b)

1

stm = S{L(RE,,), LX)

1 1
= 4—j(5m5; — 0k, A OO — 0k0,L)), L(X)) = §(L(X)mk/ — L(X) ) (2.42¢)

where §; denotes the i-th canonical basis vector in R*" and i’ := n + 4. Therefore, the formulation
SDP-CR with variable X = %L(X ) is obtained by applying the realification operator to X in
SDP-C. As shown in [104] these two SDP relaxations are equivalent, in the sense that an optimal

solution to SDP-C can be obtained from an optimal solution to SDP-CR, and vice versa.
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2.9.3 On the Relationship between SDP-R and SDP-CR

A widespread belief is that SDP-C and SDP-R are equivalent. To the best of our knowledge,
nearly all papers on SDP relaxations for the ACOPF problem [24], [54], [55], [56], [57], [58], [59],
[60], [61], [62], [63], [64] study one of these formulations, typically SDP-C or its equivalent form
SDP-CR, without comparing them, implicitly treating them as reformulations of one another. Some
works even refer to either formulation as the SDP relaxation for ACOPF.

In [105], an effort was made to unify various SDP relaxations within a common framework.
In particular, [105] claims that the matrix variable 1" in SDP-R is equivalent, up to an orthogonal
similarity transformation, to the matrix variable L(X) in SDP-CR, i.e., that there exists some
orthogonal Q € R?*?" such that W = QT L(X)Q. This statement has subsequently been cited in
works such as [23], [25]. Unfortunately, this claim is not correct in general (see Appendix A.3 for
a proof). It holds only when W already has the structure of L(.X), in which case the orthogonal
transformation is trivial, i.e., () = I; see (2.42). This commonly held belief, though not formally
established in the literature, has played a central role in work on SDP relaxations and, more broadly,
on convex relaxations of the ACOPF problem.

This issue is significant because relaxations are typically evaluated relative to one another. For
example, the perceived superiority of the SDP relaxation over the Jabr SOCP relaxation [22] rests
on the fact that the positive semidefiniteness of the matrix variable in SDP-C implies the Jabr
inequality. However, to the best of our knowledge at the time of the initial version of this work,
no proof had been established showing that SDP-R also implies this inequality. This distinction
affects all works comparing convex SDP formulations for ACOPF, particularly those that rely on
the presumed strength of SDP-R under the assumption that it enforces fundamental inequalities
such as the Jabr inequality.

In this section, we analyze the properties of the SDP-R relaxation and show that SDP-R and
SDP-C attain the same optimal objective value. We first establish that SDP-R is at least as strong
as SDP-C. After the completion of the initial version of this work, Daniel Molzahn brought to our

attention an unpublished manuscript [106] establishing an analogous objective value equivalence for
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the Shor relaxation of general complex-valued QCQPs. The reverse inequality, namely that SDP-C
is at least as strong as SDP-R, follows from his argument, which we include here for completeness;
see Theorem 2.20.

We now establish the equivalence between SDP-R and SDP-C. To this end, we first introduce a

definition and prove an auxiliary result.
Definition 2.18. Let W € R?"*?" be an arbitrary symmetric matrix. We define a Hermitian matrix

XW e C"*™ associated to W as follows:

X,L/Z s = Wik + Wi
%X}S; = Wi + Wi

X)W = Wi — Wi

Theorem 2.19. Let W € R?"*?" be an arbitrary symmetric matrix. Then W = 0 implies X"V = 0.2

Proof. Since W is PSD over the reals, the following bilinear map is a semi-inner product in C":

(u, V)w = u" W, Yu,v € C".

This follows because (-, -)y satisfies: (i) linearity in the second argument; (i) conjugate symmetry,
i.e., (u, v)w = (v,u)}y; and (iil) semipositivity, i.e., it holds that (u, u)y, > 0 for every u € C", by
Lemma 2.17 since L(W) is a block-diagonal PSD matrix.

Consider the following points in C": z;, := 0 + joi for k € B. Recall that d;, denotes the kth

23 A generative Al tool assisted in producing this proof. The final proof was verified and refined by the author.
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canonical basis vector in R?”. We note that

(2, zk)w = GW S + 0 Wy = Wi, + Wi

(21, Zm)w = O W Oy, + JOW Oy — GO W bi, + 05 W S,
= (Wim + W) + (Wi — Winir)

(Zms 2k)w = O Wy, + 5Or W — 560 Wk + 87 W

= (ka + Wk’m/) + ](ka’ - ka’)

where we used the fact that IV is symmetric. Next, we construct the following “semi” Gram matrix

in C"*": for k, m € B,

(zi, zi)yw  if k=m,

(ko zm)w ik # .

kaZ:

Since (z, zk)w = (2K, Zm)}y» We deduce that G is Hermitian. We claim that G is PSD over C".

Indeed, let y € C" be arbitrary, then

UGy =D > Yitm {2k Zm)w

k=1 m=1

=30 D (W Ymzm)w

k=1 m=1

= Z<ykzk) Z ymzm>W
k=1 m=1
= <Z Yk 2k, Z ykzk>w
k=1 k=1

>0

where the second equality follows since (-, -) satisfies conjugate symmetry and it is linear in
the second argument, and nonnegativity follows by the semipositivity of (-, -)y . Thus, given that

G = X", we conclude that X" is PSD. O
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Theorem 2.20. Let zc and zR denote the optimal values of SDP-C and SDP-R, respectively. Then

Zc — ZR.

Proof. We first prove zo < zgi. If SDP-R is infeasible, then the claim is vacuously true since
zr = —+oo. Next, suppose that SDP-R is feasible and let yr = (1597(29, W, P,Q,¢ 5,0)
be a feasible solution. We show how to obtain a feasible solution to SDP-C from it. Indeed,
using W we can construct by Definition 2.18 the Hermitian matrix XW e Cr*". We claim
that yo = (]59, Q9, X W, P,Q,és3, 0?)) satisfies all the constraints of SDP-C. Indeed, clearly
P9 Q9 P,Q, ¢, 5 5 satisfy constraints (2.38b)-(2.38g), (2.38)-(2.38m). Moreover, since X/ =
Wkk + Wk/k/ = v,(f), then constraint (2.40b) holds. Next, we note that constraints (2.40d) are
equivalent to ¢y, = RXpm, Sem = SXim. Hence, since ¢, = ka + Wk/m/ and s, =
ka/ — ka,, we have that ¢, = RX ,‘gn and S, = X ,3/”, i.e., (2.40d) is satisfied. Finally, given
that W > 0, Theorem 2.19 implies that XWw > 0 and (2.40e) holds. Since y¢ and y have the same
objective value, we conclude that zo < zp.

Next, we show that zo > zp using the argument in [106]; this relies on the fact that SDP-
R is a relaxation of SDP-CR. Indeed, any feasible yor = (f’g, Qg, ):(, ]3, Q, ¢, S, @(2)) satisfies
constraints (2.38b)-(2.38g), (2.381)-(2.38m) as well as (2.42a)-(2.42c). However, the real 2n x 2n
PSD matrix )2( possesses additional structure, i.e., )2( € B?", that is not explicitly enforced on W

in (2.41). Since SDP-C and SDP-CR are equivalent, the inequality follows. 0

Moreover, from our results above we can deduce that the Jabr inequality is implied by the set
of feasible solutions to SDP-W. In particular, it is implied by the constraint W > 0. Interestingly,
we uncover what we term permuted Jabr inequalities, by exploiting the permutation symmetries
of (2.44). This provides a theoretical justification for the tightness of the SDP-R relaxation since
the loss inequalities are implied by the Jabr inequality; see Section 2.5.4 for a discussion.

Let A € K™ where K € {R,C} and r € N. We denote by Ay the principal submatrix of A

given by a set R C [r] of row and column indices.
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Corollary 2.21. Consider any 2 x 2 principal submatrix of X"

w X RXY + 53XV
RXW +iSXY xw
IfW =0, thenX{k my = 0, e, XY XW > 0and

(RXV? +(SXV ) < XXV (2.43)

In particular, the following inequality holds

(ka + Wk’m/)2 + (ka’ - ka/)Q S (Wkk + Wk’k/)<Wmm + Wm/m’)~ (244)

Moreover, for any row-column permutation o of the submatrix Wiy, , 17 m, the following inequality
also holds:

A+ 52 <1yt (2.45)

g o

where ¢, = Wos(k)o(m) + Worom') So = Woiyom) — Wom)otr) To = Womot) + Wor)o )
lo = Wa(m)a(m) + Wa(m’)a(m’)-

Proof. The first claim follows by a direct application of Theorem 2.19 to the principal submatrix
Wikma mry of W. The inequality 2.44 follows immediately by (2.43) and the definition of X W
Finally, inequality (2.45) holds for any permutation o on {k,m,k’,m’} since any row-column
permutation of Wy o, x 1 can be represented by a similarity transformation QTW{k7m7k/,m/}Q
where () is a permutation matrix (in particular orthogonal). Since similarity transformations are

PSD-preserving the claim follows. 0

We remark that by taking o as the identity permutation gives in (2.45) the standard Jabr

inequality. Consider the relaxations of SDP-C and SDP-R, denoted SOC-C and SOC-R, where we
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relax X = 0and W = 0 to Xy ,y = 0 and Wy, .,y = O for every k # m, respectively. Since the
matrices Wiy .y are 4 X 4, the constraints Wy ,,,; = 0 in SOC-R are not rotated-cone constraints.

Nevertheless, by the arguments presented in the proof of Theorem 2.20, these relaxations
attain the same objective value. In particular, permuted Jabrs, which are implied by constraints
Wikmy = 0, do not improve the objective beyond SOC-C (i.e., the standard Jabr relaxation). We
corroborate these observations empirically. We emphasize that this equivalence is only in terms of
objective values: the standard Jabr inequality does not imply the permuted Jabr inequalities, which
may be violated by points feasible for the former.

A particularly insteresting empirical observation, which merits further investigation, is the the
fact that the permuted Jabr corresponding to o = (km) has exactly the same impact on the objective
as the loss inequalities Py, + P, > 0 when the constraint W/ > 0 is removed. In other words, the

relaxation of SPD-R without W > 0, together with

(ka + Wk’m’)2 + (Wkk’ - Wmm’)2 S (Wmm + Wk’k’)<Wkk + Wm’m’)-

attains the same objective as the linear-loss-relaxation, highlighting a close connection between
permuted Jabr inequalities, which are nonlinear, and nonnegative losses-based constraints, which

are linear.

2.9.4 Our Disciplined Approach to SDPs

An SDP relaxation with matrix variable X > 0 can be reformulated using a clique decomposition
technique applied to the underlying power system network [107]. This approach results in an
equivalent SDP problem but with PSD constraints X; >~ 0 on much smaller matrices than X and
with linear constraints. The size of these matrices is relatively small (e.g., for case ACTIVSg70k
with 70, 000 nodes, a clique decomposition may find a clique of size 114). In [57], [58], [60]
different clique merging techniques and reformulations have been studied.

Our approach can be outlined as follows. Given some decomposition { X, };cp, for each matrix
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X, we derive sparse, numerically valid, and stable linear inequalities which outer-approximate the
PSD cone X; > 0. To maintain speed and numerical robustness we apply modern cut-management
techniques, as in [14], to several cut families, including eigenvector-based cuts [108]. Our goal is to
outer-approximate the feasible region of SDP-C. As in prior works in sparse SDPs, the philosophy
is to keep the formulation as light as possible, without adding too many dense cuts. Currently, we
have experiments with two decomposition heuristics: (i) identifying all the 3-cliques in the network
so that we do not have to add extra variables; and (ii) using a chordal decomposition [107] of the
network (B, E).

In what follows, we also study the underlying geometry and related algebraic issues, with the

aim of delivering fully valid linear inequalities.

2.9.5 SDP Cuts

We denote by H” the PSD cone in C"*". Let X, € C" be Hermitian. Suppose that X, is not
positive semidefinite, and consider an eigen-decomposition (normalized) of X, i.e., Xo = QAQ*
where {qi,...,q,} C C" are eigenvectors of X, which correspond to the columns of ), and
A is a diagonal matrix whose elements along the diagonal are the eigenvalues of X sorted in
non-increasing order A\; > --- > \,,.

Suppose that we want to separate X from the PSD cone H';. We discuss two types of cuts. For

further discussion of (sparse) cutting planes for QCQPs, see [108], [109].

Eigenvector-based Cuts

Consider the eigenvector g, € C" associated with the eigenvalue )\, i.e. Xoq = \,q and
||| = 1. Since we assumed that X, is indefinite, we have \,, < 0. Recall that X € H} if and only
if *Xx > 0forall x € C". Let A := qq*. Hence, the following inequality defines a valid linear

cut, which we refer to as an eigen-cut for H'} ,

(A, X)=q¢Xq>0, VXeH" (2.46)
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Clearly, (A, Xo) = q" Xoq = A, < 0. In other words, X, violates this inequality by —\,, and its
distance to (2.46) is |\, |.

Next, we show that eigen-cuts derived from 2 x 2 principal submatrices of X correspond to the
standard Jabr outer-approximation cuts (2.29).

At an arbitrary iteration, let y{k,m} be the principal 2 x 2 Hermitian matrix associated to the

branch {k, m}. Suppose that

_ 5](‘/,2) Ckm + JSkm
X{kmy =
Ckm — JSkm vg)

is not PSD, i.e., 552 < @2+ 352 since v, 72 > 0.

We first compute the smallest eigenvalue of Y{,@m}, which is real since Y{kvm} is Hermitian.

Indeed,

det(X gy — M) =0 <= N2 =A@ +52) + @P0? —2, —52, ) =0

1

— A= {wﬁ? +T2) /0 + 522 - 4GP - Ezm>]
1
=3 {( D+ o jE\/ ' —72) +4(Eim+§im>] :

Hence, A equals 3 {( 22 +52) — \/(Ef) — 0224 4(c,, +32,)| <0, i.e., one half of

the negative of the violation of the Jabr inequality (2.12) at the current iterate (7%, ¢, 5).

Let o = \/ (E,(f) —o2)2 4 4(¢2 457 ) which is strictly positive. Next, we compute an

eigenvector associated to Ay, i.€., we solve for ¢ € C? in

A N

We note that this eigenspace must have dimension 1 and that the diagonal of the latter matrix is
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strictly positive. Therefore, an eigenvector is given by

W%
qg= (v =0 )+a c CQ,
42
and a normalized eigenvector is given by g := ¢/||¢||, i.e.,
1 —2(Chm + JSkm) G2

\qQ\\/4+ o) 7@ +a)2 \ (@) -2 + a)gs

An eigen-cut induced by an eigenvector g for a 2 X 2 matrix can be written as

|2Uk + |QQ|2 ) + 2R, G5Chm + 257, 055km > 0.

|(]1

Since

2(6,(3) — 7@ + )

km
+ @ — 7@ 4 )2
20 — 5@ + o
o = —— ke Zn ) g

14 @2 — 3@ 4 q)2
we obtain, after multiplying both sides by the positive common denominator 4 + (6,&2) —15? +a)?,

4@, +52, 0 + @2 =52 + )22 — 4@ — 5P + @) (CumChm + SkmSim) > 0

4(et,, + 53
(—é) S T) )vff) + @7 =00 + o)) — (4Cm)com — (45km)skm 2 0. (247)
v =0 4«

since (ﬁl(f) — 52 4+ o) > 0. Next, we compare this cut with the standard Jabr outer-approximation

cut:

(@ — @2 =N + (a+ @ =820 — (464 Com — (45km) Skm = 0. (2.48)

m
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It straightforward to verify that the Jabr cut (2.48) is equivalent to the 2 x 2 eigen-cut (2.47), since

4 + Sim)

@ ) +a

= (a— @) —1D)) <= 4, +5h,) = — (17 — o))

m m

= 4 + Siom)-

Projection-based Cuts

Next, we derive a cut using the Euclidean projection of X, onto H} . This is also known as the
maximum-distance cut. Consider the problem of minimizing ||X — Xo||% subject to X € H". Itis
known that the unique minimizer to this SDP is given by X* = A >0 Aidig; , see e.g. [110]. Using
a well-known characterization of the projection operator, we can derive the following valid linear
inequality for H",

(Xo— X", X -X*)<0, XeH. (2.49)

The left-hand side of the inequality is real, as both Xy — X* and X — X* are Hermitian. Thus, the
inequality is well defined. Let A == X* — Xy =" A <0(—)\Z~)q,-qf. Then, (2.49) can be rewritten as
(X* — Xo, X) > (X" — X, X*), ie.,

(A,X) >0 (2.50)

since (X* — Xo, X*) = 0. The matrix X violates this inequality by >, ;A7 and its distance

to (2.50)is />0y o A7
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Cut Computations

Let A, X € H". Recall that (A, X) = >, Aj X, is real and consider the summands
Ay, Xiem and A7 X, We note that

A Xkm = (RAkm — 1S Akm) (R X g + 7S Xkm)
= RAem R Xem + SAkm S Xim
+ J(R A S Xem — RX e S Agm)

A Xk = RApk — JSAm) RX ok + JSXonr)
= RALRX ke + SAS Xk

+ J(RAES Xk — RX kS A k)

Since RXi,, = RX,ui, RAL, = RAk, SXiem = —S Xk, SAk, = —SA,,, we have that
Ar s Xim + Al Xk equals 2(R Ak, RX i + SAk S Xy ). Therefore, (A, X') > 0 can be written
as

ZZ:l Akkvl(f) + Z 2(§RAkkam + %Akmskm) Z 0. (251)

1<k<m<n
using definitions (2.40b) and (2.40d). We conclude this section with a result on the numerical

robustness of our methods.

Proposition 2.22. Let X, € C**3 be a complex Hermitian matrix that approximates the outer
product of three complex voltage phasors VV*, where V' € C3 (hence the entries of X, are well-
behaved). Let € > 0, and suppose that the smallest eigenvalue of X, which we denote as \s,

satisfies A3 > —e. Then the distance of X to HY, is at most V2.

Proof. Let A\; > Ay > A3 be the eigenvalues of X. Since the trace of X is always strictly positive,
we have that X, has at most two negative eigenvalues. Suppose that A5, A3 < 0. Then by assumption

—MA2, —A3 < €. Therefore, by our previous discussion we have that the distance of X to the H? is

at most v/e2 + €2 = /2e. O
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2.9.6 Algorithm and Preliminary Computational Results

First, we define the linearly constrained model M, as model (2.40) with only linear constraints
and no explicit dependence on X, i.e., without (2.40b), (2.40d), and (2.40e). We denote by M our
dynamic relaxation at some iteration of our algorithm, see Algorithm 2. We set D to be the set of
all the 3-cycles of the network (B, £). Hence, X; is a 3 x 3 Hermitian matrix for each i € D.

As in Algorithm 1, in every round of our procedure, linear constraints will be added to and
removed from M. Given a solution 3y to M, line (6) of Algorithm 2 refers to the application of
cut management techniques to separate 3 from the Jabr, i2 and Limit inequalities. Next, we check
whether the matrices { X;(7) }icp are PSD by calling NumPy’s SVD implementation. If X;(7) is
not PSD, we separate it from the PSD cone X; > 0 using the linear inequalities (2.51). We use
projection-based cuts with at most two negative eigenvalues. If the round r surpasses the threshold
r*, we augment D by computing a chordal decomposition [107] of the network. For further details
on cut management please refer to Section 2.6.2.

Finally, other input parameters for our procedure are: a time limit 7" > 0; a number of admissible
iterations without sufficient objective improvement 7T’;,; € N; and a threshold for relative objective

improvement €, > 0.

Algorithm 2 Cutting-Plane Algorithm

1: procedure CUTPLANE

2 Initialize r <+ 0, M <+ M, zy + +00

3 D < all the 3-cycles of the network (B, &)
4 while ¢ <T"and r < T, do

5: 2 <— min M and y < argmin M
6
7
8
9

Apply cut management techniques from Section 2.6
Check whether matrices { X;(7) };cp are PSD
Compute cuts (2.51) for X;(7) nonPSD
; Drop cuts of age > T, whose slack is > ¢;
10: If » >r* do CYCLEHIERARCHY

11: If 2—20<2-€po do 71 +1
12: Elsedor «+ 0O

13: 20 & 2

14: end while

15: end procedure
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All our experiments were conducted on an Apple M2 Pro machine with 16 GB RAM. We
used Gurobi 11.0.0 with its default homogeneous self-dual embedding interior-point algorithm,
without Crossover. We set the parameters Bar Homogeneous and Numeric Focus equal to 1. Barrier
convergence tolerance and absolute feasibility and optimality tolerances were set to 1076, The Jabr
SOCP bounds in Table 2.17, and the AC primal bounds in Tables 2.16-2.17 are reported Tables 2.5
and 2.8.

Tighter Lower Bounds In Table 2.16 we report on bounds obtained by Algorithm 2 with a
time limit of 1200 seconds as in Section 2.8.1. After »* = 5 rounds, the set D is augmented by
cliques of length at most 5. The column #Cliques reports the number of 3-, 4-, and 5-cliques,
respectively, handled in formulation M at the final iteration. The column ‘EigRatio’ shows the
smallest ratio, among the matrices X;(7), between the largest and the second-largest eigenvalues —
a commonly used proxy for assessing rank-one behavior. Column ‘DInfs’ reports on the maximum

dual infeasibility error for the last solve; see Section 2.7.

Loads Perturbed The load of each bus was perturbed by a Gaussian (¢, o) = (0.01- P,;,0.01- Py),
where P,; denotes the original load, subject to the newly perturbed load being non negative [14].
We warm-start Algorithm 2 with precomputed cuts (Jabr, i2, and limit) in [14] with a time limit of
600 seconds. Our SDP cuts are only for 3-cycles in the network. Column ‘DInfs’ reports on the
maximum dual infeasibility error for the last solve, while column ‘Added’ reports on the number of

cuts in the formulation at the last solve.
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2.10 An Application to Electricity Markets

In this section, we leverage our techniques to develop a scalable pricing algorithm for real-time
market computations and conduct experiments under well-known pricing rules. On small grids
(< 1,000 nodes), our algorithm yields allocations with very low redispatch costs compared to DC
and produces prices that closely match those of the Jabr SOC. On large grids (> 15, 000 nodes), it
scales similarly to DC when cuts are warm-started, while maintaining high accuracy relative to the
Jabr SOC.

We consider a power system where its underlying undirected network is given N := (B, £).
Price formation starts with a welfare problem, where buyers or loads, denoted by L, (sellers or
generators, denoted by G), are assumed to truthfully submit piecewise linear bidding functions
™ Ry — R, 7 € {d, g} mapping consumption (production, unit commitments) to profits (costs).
For each bus k € B, G, C G and L, C L denotes the generators and loads at bus k. The welfare

problem [30], [111] can be written as:
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Figure 2.16: Power Flow Welfare Maximization

[WF] : max Zﬂ-g P —I—Zﬁg (PJ, 2", ", 5% (2.52a)
LeL teg
subject to:
Vbus k € B:

S Pw=Y_P-Y P vWkeB (2.52b)

{k,m}es(k) eGy, teLy,
S Q=D Q- Q! vkenB (2.52¢)

{k,m}eé(k) = teLy,
(z°", 2%, 2*%) € {0,1}>*19] (2.52d)
(P!, Q))icg € Pg(a™, x™, 2*) (2.52¢)
(P, Qf)eec € Pr (2.52f)
(Y, (P, Protes Qi QukeJo(ieymyen) € Q°F (2.52g)

where a social planner maximizes surplus subject to: active and reactive power balance con-
straints (2.52b)-(2.52c); production and commitment constraints for sellers (2.52d) and (2.52e);
consumption constraints for buyers (2.52f); and a representation of steady-state power flows and
operational constraints (2.52g).

We next describe each component of the formulation in detail, following the welfare model of

the ARPA-E Grid Optimization Competition 2 (GOC2) [111] documentation.

Production and Unit Commitment Constraints for Sellers (2.52d) and (2.52e¢) The set Pg is a
mixed-integer linear set, in (2.52¢) we make explicit its dependence on (2", 2%, x°¢). When these
variables are fixed, the set Pg is polyhedral. For each generator ¢ € G, the start-up and shut-down

indicator variables z3*, 3% € {0, 1} are defined in terms of changes in the generator commitment
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status 9" € {0, 1} relative to the prior base commitment status:

on on0 _ _su _ ,.sd
zt - = Ty

st <1
Here, the prior status xZ"’O is part of the data. In addition, Pg includes generator bound constraints
Pt < PP < PRtapt, Qe < QF < Qe
as well as the ramping constraints

,0 ,rd on su ,0 U on su min JTUN - SU
(P)7 = PP") (2" — ap") < B < (P74 PP) (2™ — o) + (P + Pz,

d .. 0. .
where P;""" and P;""* are generator ramp-up and ramp-down limits, and P/ is the prior base power

output. The total real power output P} is decomposed into quantities P, from the blocks i € Hy:

P} = Z P

heH,

with bounds 0 < PJj, < Py,.

Consumption Constraints for Buyers (2.52f) The set P, is polyhedral and characterized, for

load ¢ € L, by the constraints
Pgd,O _ P[d,?”d S Pzd S P[d,o +P;,T’u

d d,rd L do s .
where P, and P,""" are load ramp-up and ramp-down limits, and P,”" is prior base power

consumption. The real power consumption P{ is decomposed into blocks P as

Pl =Y Pj.

heH,
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with bounds 0 < P4 < P}, for h € H,.

The Objective (2.52a) The benefit (cost) 7¢ (79) are modeled as piecewise linear functions with
constant marginal benefit (cost) blocks, where ¢, and cJ, denote the corresponding coefficients. In

other words,

n(P) =) P,

heH,

g( p9 P B g pg _ ,on,on | _ _su,.su __ _sd sd
mI(P],xg) - = ( E co P, — o'y > clayt — eyt
heH,

where z;, = (20", x3*, x3).

The Power Flow Models (2.52g) The set QFF is bounded and denotes the feasible region asso-
ciated with a given power model. In what follows, we consider several such models. We denote
by QA€ the AC power flow model in polar coordinates which can be described by (2.8d)-(2.8g),
together with voltage magnitude constraints (2.8j) and thermal limit constraints (as used in [111])
given by

P24 Q< igom Va2 PR+ Q% < Vil (2.53)

=2 . , . .
where iy, .., is a bound on current-squared. We denote by Q'®r the power flows in the variables

v,(f), Crkm, Skm» defined by the Jabr inequalities (2.12), linearized power flows constraints (2.13),
voltage magnitude constraints (2.8]), and thermal limit constraints (2.53). Next, we denote by QF
the region obtained by outer-approximating the nonlinear convex constraints in Q%" using the
linear cuts in Section 2.6. Finally, we denote by QPC the DC power flow model described by the
constraints (2.7). The vector of variables y collects the additional variables, beyond the power flows

P and @, required to define the corresponding feasible region.

The use of QA€ in (2.52) poses a challenge for competitive equilibrium pricing since Q*€ is

nonconvex [27], [112]. In a recent paper [27], it is empirically shown that the relaxation Q"%
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yields less biased price signals than QPC under two pricing rules widely used in practice. These
findings are based on small cases in the GOC2 dataset. However, nonlinear relaxations are typically
out of reach for nonlinear solvers on medium-to-large instances [24], [27], see also Section (2.8).
Motivated by this, we explore a linear relaxation Q°F, based on outer-approximating Q’*" via
linear inequalities and compare it against the power flow models Q' and QPC€. This approach
aims to retain the computational advantages of linear programming while capturing key features of

nonlinear power flow models.

2.10.1 Algorithmic Price Formation

A full description of an electricity price formation algorithm consists of three components [113]:
(1) an operational model; (2) a parametrization, used to compute forward-looking estimates of
demand and generator availability; and (3) a pricing rule. We do not address parametrization here.
Instead, we focus on the trade-offs arising from the use of different power flow models, which play

a critical for in the third component, namely the pricing rule.

Convex Hull and Integer-Programming Pricing

After computing an optimal allocation to the welfare problem (2.52), the market operator
must determine electricity prices at each bus that ideally support the resulting equilibrium. At
such prices, competitive suppliers and loads have no incentive to deviate from their bids and are
incentivized to follow the prescribed dispatch. When this occurs, the price vector is said to clear the
market, meaning that there is no excess demand or supply and that both buyers and sellers receive
nonnegative payoffs.

In nonconvex markets, however, achieving this is challenging. Prices arise as dual variables,
whose existence and economic interpretation rely on properties such as convexity and strong duality,
which may fail in this setting. As a result, various pricing heuristics have been proposed to address
these issues through side payments, known as uplift payments; see [114] for a detailed discussion

of alternative pricing rules.
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Two well-known rules designed to address nonconvexities imposed by binary commitment
decisions are convex hull (CH) and integer programming (IP) pricing rules. CH pricing [29], [115]
replaces nonconvex cost functions and constraints by their convex hull. Under piecewise linear bids,
CH prices can be efficiently computed by relaxing the binary constraints (2.52d) and obtaining the
dual variables of the associated convex problem [116]. On the other hand, IP pricing [28] requires
solving a mixed-integer convex program, fixing the binary variables to their welfare-maximizing
value (™, % 2°%*), and then computing the dual variables associated with the power balance
constraints (2.52b)-(2.52c) of the resulting convex program; see [27], [114].

A key requirement of both CH and IP pricing is that the underlying operational model, namely
the Cartesian product Pg x P, x QFF, be convex. The DC power flow model QP€ satisfies this
requirement, yielding a polyhedral set at the expense of an accurate representation of power flows.
In contrast, the Jabr relaxation Q"2 provides a more accurate model but leads to a nonlinear
formulation that faces scalability challenges, as documented in this chapter. Our cutting-plane
pricing algorithm (CPPA) provides an intermediate option. This is backed by our results in
Section 2.8.4 where we show that empirically the dual variables associated with active power

balance constraints converge to some limit.

2.10.2 Cutting-Plane Pricing Algorithm

We extend the approach in Section 2.6 to derive accurate electricity prices for large power
grids. First, the algorithm constructs a set QP for (2.52) by dynamically generating linear cuts that
outer-approximate Q'3 The cuts are implemented under the adequate cut management procedure
discussed in Section 2.6.2. This yields a rapid and numerically stable algorithm that gives a tight
relaxation with respect to @', Since the welfare problem (2.52) under Q" is a mixed-integer

linear program, it is amenable to be paired with either CH or IP pricing, see Algorithm 3. The

Jabr

fabr refers to the region described by solely linear inequalities of Q'®", and M., stands for

set
relaxing binary constraints in M.

Relevant input parameters for our procedure are: a time limit 7' > 0; a number of admissible
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Algorithm 3 Cutting-Plane Pricing Algorithm (CPPA)

1: procedure CUTTING-PLANE PRICING

2 Initialize r <+ 0, zg < +00

3 M < Problem (2.52) with Q2

4: if CH pricing then

5 M < Merax

6 end if

7 while t < T and r < T¥;, do

8 z <— min M and Z < argmin M

9: Itz ¢ Q'

10: Compute cuts for the most violated inequalities
11: Add cuts if not too parallel to cuts in M
12: Drop cuts of age > T,,,. which are not tight
13: if 2 — 29 < 2 €410 then

14: r<—r+1

15: else if 2 — 2y > 2y €44, then

16: r<0

17: end if

18: end while

19: Solve M
20: if IP pricing then
21: Fix binary variables in M and re-solve
22: end if

23: Extract dual variables of constraints (2.52b)-(2.52c¢) as prices A
24: end procedure
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iterations without sufficient objective improvement 7%, € N; and a threshold for relative objective
improvement €, > 0. Our measure of cut-quality is the amount by which a solution z to M
violates some nonlinear inequality in Q’*", among which we add a top percentage of the most
violated inequalities to M. We filter the cuts by age 7,4 and how parallel they are. See 2.6.2 for

further details.

2.10.3 Computational Setup and Results

We report numerical experiments on scenarios for a 617-bus instance and the three largest
instances from the GOC2 dataset [111]. As in [27], we abstract from contingencies, switched
shunts, and line and transformer switching. All of our experiments were run on an Intel(R) Xeon(R)
Linux64 machine CPU E5-2687W v3 3.10 GHZ with 20 physical cores, 40 logical processors
and 256 GB RAM. We used three commercial solvers: Gurobi version 10.0.1 [89], Artelys Knitro
version 13.2.0 [78], and Mosek 10.0.43 [95]. Gurobi was used to solve the LPs for CPPA, Mosek
was used to solve the Jabr SOCs, and Knitro for finding AC-feasible solutions.

For the first case study (617), we pair the Jabr SOC, DC and CP formulations with the IP
pricing rule to obtain an allocation 2z = (P9, P4y, P,Q, z) for the welfare problem (2.52), and
prices AP¥ where PF in {Jabr, DC, CP}. We compare prices and running times for the above models,
see Table 2.18. We then follow [27] and simulate a redispatch procedure by taking the optimal
allocation zg and feeding it as a warm-start solution to Knitro, so to find an adjusted AC-feasible
allocation. To this end, we require that all variables remain fixed up to a tolerance of 10~°, except
for P9 and P¢, which are allowed to vary within a tolerance of 1 p.u. to restore feasibility of
the power flow equations. We denote the resulting AC-feasible allocation obtained through this

redispatch procedure by ¢(zr).

Using this AC-feasible allocation, as in [27], we compute metrics of economic efficiency,
see Table 2.19: (i) make-whole payments (MWPs), (ii) global and local lost opportunity costs
(GLOCs/LLOCsS), and (ii1) re-dispatch costs (RDCs) which we compare against total welfare.

Formally, for an allocation z = (P9, P4y, P,Q, x) and prices A, consider the direct utility as
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Figure 2.17: Average nodal price distance o for the CP and DC relaxations relative to the Jabr SOCP
relaxation.

uf (2, X) == P Npoo) — (=7 (P{, x¢)) or uf (2, \) == m{(z) — Pf'Apae) where k7 (¢) for 7 € {d, g}

indicates the bus associated to the load or generator /. The metrics are then defined as

MWP:= )" Y [-uj(¢(2),\)]" (2.54a)
Te{d,g} L€ LUG

GLOC = > Y [sup{uj(,\)} — uj(6(2), \)] (2.54b)
re{dg} tecug

LLOC := > Y [sup{uj(P[, P, 7, N} — uj(¢(2), V)] (2.54¢)
Te{d,g} LeLUG Py

RDC = > [uj(z,A) —up(6(z), )]" (2.54d)
T€{d,g} £€LUG

where P, 7 in (2.54c) denotes all variables other than P/, i.e., unit 7 controls only P .
For the larger instances, we pair the @', QP QP formulations with the CH pricing rule. We
compare prices and running times across all the above models, see Table 2.20. In Table 2.21 we

report on scenarios under contingencies.
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Case 617

Table 2.18 displays the average (“Avg") and standard deviation?® (‘Std") of nodal prices ($/MWh)
for each scenario, as well as the average across scenarios, for Q**", QPC and QP 2" DC produces
a slightly lower average price across nodes and scenarios, while exhibiting zero variability across
nodes, thereby failing to capture any network congestion. In contrast, the SOCP and CP relaxations
yield prices with nonzero and very similar standard deviations. Moreover, CP prices are very
close to those obtained from the Jabr SOC, as measured by average distance (“0"), defined as
d(PF) == ||Apr — Asoc||1/|B| for each power flow model and network A" = (B, £). The running
times (“Time") for each model in Table 2.18 report the time per scenario, measured in seconds, as
well as the average time across scenarios. The number of cuts (#Cuts) generated for each scenario
is shown in the right-most column of the table.

Table 2.19 displays economic efficiency metrics (in $) with respect to the allocation and prices
produced by different formulations after the redispatch process. After AC-feasibility adjustments,
welfare is slightly higher for the Jabr SOCP and CP relaxations than for the DC approximation.
More importantly, redispatch costs are one order of magnitude smaller: in the case of DC, the RDCs
are, on average, a 1.02% of total welfare, while Jabr SOCP and CPPA show relative values of 0.05%

and 0.11%, respectively.

Large Cases (> 15,000 Nodes)

Table 2.20 displays the average and standard deviation of nodal prices for all the considered
scenarios. We ran the CPPA for 300 seconds and report the total time spent generating cuts (“TCut"),
as well as the time it takes to solve the last LP (“TimeLLP"). We report the objective (in $) of (2.52)
for Jabr SOCP (“Obj") and the % gap relative to the DC and CP objectives (“Gap%"). Overall,

CPPA very quickly achieves prices that are close (small §) to those attained by Jabr SOC; along

26We use the standard deviation purely as a measure of dispersion across nodes, without any statistical interpretation
in terms of randomness or sampling.

2"We conducted a thorough proof check of our experimental setting and code while deriving our results. Still, we
acknowledge small discrepancies with results obtained for the 617-bus instances with [27].
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the lines of what is reported in [27] for small networks. The running times of the last LPs are
comparable to the those of the DC model and faster than Jabr SOC, which serves as an estimate of
how long CPPA would take if warm-started. For the 17,700-bus scenarios, we find that neither DC
nor CP resemble Jabr SOCP prices. Further investigation of these scenarios let us confirm that these
instances are actually AC-infeasible, via a computation of a minimally infeasible system for the
12 relaxation for ACOPF, see Section 2.5.2, which is stronger than the Jabr SOC. Hence, in these

scenarios, Jabr SOCP fails to capture the physics of the AC power flows.

Warm-Starts for Case 31,777

We tested the warm-starting capabilities for CPPA by considerably stressing the five scenarios
of the 31,777-bus network (see Table 2.21). To this end, first we ran CPPA for 400 seconds and
stored the cuts computed in the last round. We observe in Figure 2.17 the improvement, in terms of
average distance ¢, of every round of the algorithm for scenario 51. We created stressed instances
by loading branch contingencies, at most 1% of the total branches of the network, provided in the
GOC?2 dataset for each scenario. Next, we warm-started CPPA with the previously computed cuts
(“#Cuts"), and run CPPA for only one round. Mosek failed to converge for scenarios 11, 12 and 19
under contingencies (“x"), whereas CPPA quickly identified these scenarios as infeasible (“Infeas"),
and DC failed to do so. In fact, since these scenarios are infeasible, the price signals reported by
the DC model are entirely inaccurate, with average prices being significantly underestimated. For
scenarios 15 and 51, CPPA attains, twice as fast, prices that are very close to Jabr SOC, with §(CP)
values being at least an order of magnitude smaller than §(DC) values. In Table 2.22 we display
reactive power prices for the SOCP and CP relaxations. Note that the average reactive power prices
of the CP relaxation are very close to the Jabr SOCP, however, there is a larger nodal price variation.

We note that the DC approximation does not produce reactive power prices.
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2.11 AC-Feasibility is Weakly NP-hard on Trees: A Corrected Proof

In this section, we revisit the proof of Theorem [21, Theorem 1], which establishes the weak NIP-
hardness of AC-feasibility (see below for a formal statement of the problem). We identify a gap in
the proposed reduction from the weakly NIP-hard problem SUBSET SUM, arising from the encoding
of numerical quantities. Specifically, the argument implicitly assumes that any real number obtained
from rational numbers through the sine and cosine functions admits a polynomial-size encoding
in the input size. This assumption does not hold in general—for example, cos(1) is irrational. We
restate the construction using their notation and provide a corrected proof that addresses this issue.

Consider a power system with undirected network N == (B, ). We denote by G C B the
set of generators and by £ C B the set of loads (we assume that at each bus there is at most one
generator). For each line {k,m} € &£, we denote its conductance by g¢x.m) > 0 and its susceptance
by bi.m) < 0. We assume there are no transformers nor shunt elements, which implies symmetric
line admittance matrices.

Our simplified AC-FEASIBILITY problem (cf. [21]) has as input fixed demands for active
(P?) and reactive (Q?) power, all voltages magnitudes are fixed to one, and it assumes that each
line {k,m} has a fixed capacity Uy .y > 0. We require non-negative active power generation.
Moreover, our proof assumes that each line {%k, m} has susceptance by .} < 0 and conductance
9ik,m} > 0. Therefore, our AC-FEASIBILITY problem consists in finding the phase angles 0;, active

(P?) and reactive ((Q)7) power generation, active power flows Py, Py, and reactive power flows
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Qkm»> Qmi satisfying the following non-linear system:

Vbus k € B:
> Pw=P-F (2.55)
{k,m}es(k)
> Qun=Q—Qf (2.56)
{k,m}es(k)
V branch {k,m} € &:
Prm = gpemy (1 — co8(0 — 01)) — bigmy sin(Ox — 6,,) (2.57)
Pk = g(rem} (1 — cos(0, — 0,,)) + bygemy sin(6y — 6,,) (2.58)
Qrm = —bemy(1 — cos(Ox — 0n)) — Gpimy sin(Or — 6;) (2.59)
Qmk = —bemy(1 — cos(Or — 0)) + Gpimy sin(Ox — 6:,) (2.60)
max { P2, + Q2. P2+ Q% } < Uptmy (2.61)
V generator k € G:
P! >0 (2.62)
V generator k ¢ G:
P! =0. (2.63)

Remark 2.23. We note that imposing a thermal limit Uy, < 2(gfk7m} + b%hm}) on each line
is equivalent to imposing a maximum phase angle difference A{k,m} € [0,7/2] (see also Ap-

pendix A.1). Indeed, let A := 1 — cos(0y — 0,,) and B = sin(0 — 6,,,), then for any line {k, m}
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we have that

Bin + Qi = (9kmyA = by B)? + (bgemy A + giramy B)®
= (g%kﬂ?'l} + b%k,m})(AQ + BQ)
= (gflam} + b%k’m})(l —2cos(0), — 0,,) 4 cos? (0 — 0,,) + sin®(0;, — 6,,,))

= 2(gfkmy + Oy (1 — co8(0) — ).

Hence, P?,, + Q%,, < Ugk,my if and only if 0 < cos(0, — 0,,,), i.e., |0, — 6,,,| < 7/2. The bijection

is given by

y — arccos(1 — (y/2(gfk7m} + bfkm}))) (2.64)

for every 0 < y < 2( gfk,’m} + b%k’m}). Then we can define the maximum phase angle difference for
branch {i,j} as

Aggmy = arccos(1 — (U{k,m}/Q(g%k’m} + b%k,m})))'

Therefore, we can formally define our problem as follows:

AC-FEASIBILITY: Given a network N = (B, £), sets of generators and loads G, £ C B

and rational vectors P4, Q¢ € QB ¢.b,U € QI is there a feasible solution to the

system of constraints (2.55)-(2.63)?

Theorem 2.24. AC-FEASIBILITY on trees is weakly NIP-hard.

Proof. We prove that for star networks AC-FEASIBILITY is weakly NPP-hard by exhibiting a
reduction from SUBSET-SUM. Given a set M C N and a number w € N, SUBSET-SUM consists in
deciding whether there exists I C M such that Z$EV x = w. If such a set V' exists, we call the
problem instance (M, w) solvable. Before defining the injective mapping between SUBSET-SUM
and AC-FEASIBILITY instances, we define some constants which will be key for our proof. Let
g=1,b:= —5/4,and U := 41/20, hence the bijection (2.64) implies A := arccos(3/5) ~ 0.9273.
Clearly A € (0,7/2) and sin(A) = 4/5.
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Given an arbitrary instance (M, v) of SUBSET-SUM, we define an AC-network Ny, as
follows. Let G .= M; L := {(}; £ = {{z,{} : © € M}, where each line {z, ¢} has conductance
9{zy = x > 0 and susceptance by, , = (—5/4)x < 0 and capacity U, = Uz?, P =
(3/5)w, Q¢ = (—13/10)w and P? := 0,Q¢ := 0 for all buses i # (. Therefore, this encoding
(GUL),E,9,b,U, P4,Q% is polynomial in the size of (M, w), thereby resolving the encoding

issue identified above.

(M, w) is solvable = A{(j;.,). LetV be a solution for (A, w). We define 0, = 0;Vz €V,
0, = A, Pr = (=3/5), Qo = (13/10)z, Py = (7/5)x, Que = (—3/10)z, P, == (7/5)x,
Afw = (=3/10)x; and Vo € M\ V, 0, =0, P, =0, Que =0, Py =0, Qup == 0, ngg =0,
and Qie := 0. It can be easily checked that this assignment é, P , Qg, ]5, Q satisfies the active and
reactive power flow definition equations (2.57)-(2.60). Line capacitiy constraints (2.61) are satisfied

since

P}, + QF, = (205/100)2% = Upy gy,

P2+ Q% = (205/100)2* = Upy.py.-
Constraints (2.55)-(2.56) for active and reactive power balance at bus ¢ are satisfied since

Y. Pu=) (-3/5)x=(-3/5w=—F

{.5}€s(0) JjEM
Z Qu = 2(13/10)1’ = (13/10)z = —Q7.
{¢,5}€6(0) jeEM

Power balance constraints at buses x € M are clearly satisfied. Finally, non-negative generation
constraints (2.62) are satisfied since f)f = (7/5)x > 0 for all z € G. In consequence, our solution

is feasible.
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N0 has a feasible solution —> (1/, w) is solvable. Let 6, P9, P, () be a feasible solution.

Since 0 < A, |6, — 6,] < A and
Py = (1 —cos(0, — 0,)) + (5/4) sin(6, — 6,) = P >0 (2.65)

for all z € M, then 6, — §, > 0. Indeed, suppose on the contrary that 0, — 6, < 0. Then dividing
(2.65) by sin(6,—0,) < 0, we have that tan((6,—0,)/2) < (—5/4). Since —A /2 < (0, —0,)/2 and
tan being increasing in (—7/2,0), then tan(—A/2) < tan((d, — 6,)/2) < (1/3) < (=5/4)
which is a contradiction. We define V' = {z € M : 0, — 0, > 0} which is non-empty since
0. — 0, = 0 forall z € G would imply >, P¢ = 0 but Pj' > 0. Moreover, active and reactive
power balance constraints at ¢ become Y, P, = (=3/5)wand 3, _,; Qe = (—13/10)w. By

rearranging the sums we have that

3 Pu(-3/5) =3 Qu(10/13) = 0= (1%(—3/5) - Q@z(10/13)>

zeM xeM rxeM
— 0= (15&,(13/10) - ng(—3/5)) . (2.66)

zeM

We claim that for every 2 € M the summand Py, (13/10) — Q.. (—3/5) is non-positive. Indeed,

P (13/10) = Qua(=3/5) = ((1 = cos(ds — 6)) — (5/4) sin(@. — ) ) (13/10)
_ ((5/4)(1 — cos(f, — 0,)) + sin(f, — 9})) (=3/5)
— (82/40)(1 — cos(6, — 0;)) — (41/40) sin(8, — 6,).
Hence P;;(13/10) — Qg (—3/5) < 0if and only if

A ~ ~ A

2(1 — cos(f, — 6y)) — sin(0, — 0,) < 0. (2.67)
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If (ém — ég) = 0 the latter clearly holds. If (ém — ég) > 0 then dividing the inequality (2.67) by

~ ~

sin(6, — 6,) > 0 gives us the equivalence
Pr(13/10) — Qe(—3/5) < 0 <> tan((d, — 6,)/2) < 1/2. (2.68)

Since tan(A/2) = 1/2, (0, — ;) < A < m/2 and the fact that tan is strictly increasing in (0, 7/2),
the claim follows. Moreover, Py, (13/10) — Qp(—3/5) = 0 <= 6, — 0, € {0, A}.

The previous argument implies that all summands in (2.66) must be 0, hence given our choice
of V, we have that V2 € V, 0, — 6, = A. This implies that P, = (—3/5)z. Therefore, from

active power balance at { we obtain ) ___,, P, = > ey (=3/5)x = (=3/5)w which proves

Y ey T =W. O

2.12 Conclusions

In this chapter, we developed a fast linear cutting-plane method used to obtain tight relaxations
for even the largest single and multi-period ACOPF instances, by appropriately outer-approximating
the SOCP relaxations. The resulting formulations can be constructed and solved efficiently using
mature linear programming technology, supported by careful cut management. We also provided
theoretical justification for the strength of the underlying SOCP relaxations and for the use of their
linear outer approximations, and showed that these can be further strengthened with SDP-based
cuts.

The central focus on this paper concerns reoptimization. We showed that our procedure possesses
efficient warm-starting capabilities — previously computed cuts, for some given instance, can be
re-utilized and loaded into new runs of related instances, hence leveraging previous computational
effort. As a main contribution we demonstrated, through extensive numerical testing in medium to
(very) large multi-period instances, that the warm-start feature for our cutting-plane algorithm yields
tight and accurate bounds far faster than otherwise possible. It is worth noting that this capability

stands in contrast to what is possible using nonlinear (convex) solvers.
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More broadly, our results highlighted the effectiveness of linearly constrained relaxations
for ACOPF. In particular, we showed that linear relaxations with convex quadratic objectives
provided robust and reliable lower bounds, offering both theoretical guarantees and strong numerical
performance, in sharp contrast to what nonlinear relaxations such as SOCPs can offer.

Finally, we demonstrated the practical impact of our framework through a scalable pricing
algorithm for electricity markets. Our experiments show that the proposed approach delivers
accurate price signals and lower redispatch costs relative to DC approximations, while achieving

accuracy comparable to SOCP relaxations at similar computational cost when warm-started.
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Chapter 3: Symmetry and Relaxations in Integer Programming

3.1 Introduction

Understanding what makes an integer program (IP) challenging for state-of-the-art algorithms is
a fundamental step toward developing more effective solvers.! While it is reasonable to assume
that a larger number of variables and constraints would slow down any algorithm for solving an IP,
there are other, more subtle features of IPs that are problematic due to the techniques we currently
employ. One such feature is symmetry, informally defined as any transformation of a mathematical
object that leaves its fundamental properties unchanged.

Mathematicians usually welcome a high degree of symmetry, as it often implies strong properties
of the objects under consideration. For instance, systems of linear equalities Ax = b can be solved
faster in practice when A = AT, because factorizations of A are guaranteed to exist in this case, see,
e.g., [119]. In contrast, symmetry is usually problematic in integer programming. Even small-sized
symmetric problems are often hard to solve [120], [121], [122], [123], [124]. In his survey on
the topic [121], Margot states that the trouble comes from the fact that many subproblems in the
enumeration tree are isomorphic, forcing a wasteful duplication of effort—but as we will see, this is
not the only problem caused by symmetry.

Understanding how to tackle symmetric IPs is essential, as some degree of symmetry is prevalent
in both theory and practice. The structure of the problem itself sometimes causes symmetry —
for instance, if we wish to schedule jobs on identical machines, or if we solve a combinatorial

optimization problem on a highly symmetric graph.

"This chapter is based on joint work with Yuri Faenza, Victor Verdugo, and José Verschae [117], with additional
exposition and results. An earlier version of this work appeared in the proceedings of the 27th Conference on Integer
Programming and Combinatorial Optimization (IPCO) [118]. I gratefully acknowledge support from the Air Force
Office of Scientific Research (AFOSR) under grant FA9550-23-1-0697, as well as travel awards from the Mixed
Integer Programming (MIP) Workshop, organized by the Mixed Integer Programming Society (MIPS), and the 2026
IOE-ISyE-MS&E Rising Stars Workshop.
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Whichever the cause, more than 36% of the instances from MIPLIB 2010 admit nontrivial
symmetries; see the work by Pfetsch and Rehn [124] for details. Moreover, symmetries have played
an important role for theoretical work, both from a polyhedral perspective (e.g., [125], [126]), as
a device to construct lower bounds of relaxations (e.g., [127], [128]), and a way of reducing the
dimensionality of convex relaxations (e.g., [123], [129]), to mention a few.

In this chapter, we investigate how symmetry can harm state-of-the-art techniques for solving

binary integer programs. Our work differs from the existing literature in three main aspects.

* First, rather than focusing on the role of symmetry in generating many ‘“equivalent” integer
solutions, we study the relationship between symmetry and the performance of LP- and SDP-
based cut operators, broadly referred to as hierarchies. These methods iteratively strengthen
LP relaxations of integer programs. Our work is motivated by the fundamental question:
can one characterize the conditions under which a symmetric optimal face of a relaxation is
eliminated at a fractional node of the branch-and-cut tree? We provide a positive answer; see

Theorem 3.1.

» Second, most prior work has focused on specific problem classes, such as matchings [130],
[131], knapsack [127], [132], max-cut and sparsest-cut [128], [133], [134], scheduling [135],
[136], vertex cover [137], and planted clique [138], [139]. In contrast, with the notable
exception of the work by Kurpisz et al. [140], our assumptions only rely on a well-established
group-theoretic parametrization of the symmetry of the underlying polytope, namely k-

transitivity.

* Third, with the exception of [131], the literature has largely focused on determining how many
rounds are required to close the integrality gap. In contrast, we address the more fundamental

question of how many rounds are needed to improve the bound.
Our main result is the following.

Theorem 3.1. Let k,n € N such thatk < n, andlet P C [0, 1|" be a (k+1)-transitive integer-empty

polytope. Then the following statements are equivalent:
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(A) P intersects all of the (n — k)-dimensional faces of the hypercube [0, 1]";
(B) SA®(P) # 0,
(C) LS*(P) # (;
(D) LSE(P) # 0.

We defer to Section 3.2 the definition of the hierarchies SA*, LS*, and LS’S. A polytope P is
G-invariant for a permutation group G over [n] := {1, ..., n}, if under the action of the elements
of G, given by 7z = (2;-11),...,Tr-1(»)), We have that P = 7(P) for all 7 € G. A group G is
k-transitive if it can map any ordered sequence of k indices in [n] to any other ordered sequence of k
indices in [n] by some element in G. A polytope is k-transitive if it is G-invariant for a k-transitive
group G; observe that (k + 1)-transitivity implies k-transitivity. Thus, the larger the k, the more
symmetric P is.

A high-level description of Theorem 3.1 is as follows. Assume that the polytope P C [0, 1]™
is integer-empty and “symmetric enough”, i.e., (k + 1)-transitive. Theorem 3.1 implies that we
can decide whether £ rounds of any of the three hierarchies certify that P is integer-empty just by
looking at the intersection of P with the faces of the hypercube [0, 1]”. In particular, one of the
hierarchies gives us such a certificate if and only if all of them do.

It is well-known that, for any & € N and polytope P C [0,1]", SA*(P) C LS*(P) C LSE(P),
and in general they can be significantly different. In contrast, in our setting, we observe a hierarchy
collapse: the three methods are equally effective in determining whether the polytope is integer-
empty. This result may explain why the integer-emptiness of symmetric polytopes is hard to prove
for LP-based hierarchies: the strongest of the three operators does not outperform the weakest one.
Moreover, if the other features stay constant, a “more symmetric” polytope (i.e., k-transitive for
larger k) will “resist” these operators for at least as many rounds as a “less symmetric” polytope.

Our next result establishes that the non-polyhedral hierarchy LS is equally effective as the above
polyhedral hierarchies in determining integer-emptiness, if the polytope P is not full-dimensional.

The technical condition dim P < n — 1 is key in our argument. It is known that LS* , (P) C LS*(P)
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but SA* and LSf“F are incomparable in general.

Theorem 3.2. Let P C [0,1|" be a (k + 1)-transitive polytope with dim P < n — 1. Then
LSE(P) # 0 if and only if LS® (P) # 0.

The following corollary is immediate.

Corollary 3.3. Let k,n € N such that k < n, and let P C [0, 1]" be a (k + 1)-transitive integer-

empty polytope with dim P < n — 1. Then the following statements are equivalent:
(A) P intersects all of the (n — k)-dimensional faces of the hypercube [0, 1]";
(B) SA*(P) # 0;
(C) LSE(P) £ 0;

(D) LS§(P) # 0.

Contributions

* We provide a unified perspective on several well-known examples from the literature where
lift-and-project hierarchies exhibit poor performance [141], [142], [143], [144], [145]. This
behavior is characterized by slow progress in closing the integrality gap, often requiring many

iterations to improve upon weak LP bounds (Sections 3.7)

* We introduce the notion of k-transitivity — well-known in computational group theory (see,
e.g., [146, Sec. 7]) — into integer programming, and use it to parametrize the degree of

symmetry of polytopes (Sections 3.2.2 and 3.4.5).

* Motivated by weak LP relaxations in covering problems such as the Steiner Triple Covering
problem (see Section 3.6.2), we study the conditions under which a symmetric optimal face
of a relaxation is eliminated at a fractional node of the branch-and-cut tree. We identify this
condition for symmetric integer programs under cuts derived from lift-and-project hierarchies

(Section 3.5).
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* We define the notion of k-resistance for polytopes, and show that even applying ©(n) mixed-
degree RLT factors to a class of Minimum Knapsack instances does not improve the LP

bound (Section 3.5).

e Our main result (Theorem 3.1) establishes such a characterization, and we show that its
assumptions are essentially tight (Section 3.7.1). We illustrate the applicability of our results

through several applications to problems from the literature (Section 3.6).

* We develop a general procedure for analyzing Sherali-Adams rank by extending the proof
technique underlying Theorem 3.1. The resulting framework provides a systematic way to
construct fractional feasible solutions that certify lower bounds on the hierarchy (Section 3.9).
We demonstrate its effectiveness on three different problems, obtaining bounds that match

those in the literature (Sections 3.9.3, 3.9.4, and 3.6.3).

* We provide proofs of several folklore results relating symmetry, hierarchies, and polyhedral

geometry (Section 3.4).

» We identify and correct an incorrect statement in the literature whose original proof relies on

invalid numerical assumptions (Section 3.4.3).

3.2 Background

Fori,j € Zso and x € R" we write (;) = 0 and H; x; = 1if j > i. Moreover, we define
() =0, [[;z; = 1ifr € Z- and [0] := (). We denote by 1 and O the all-ones vector and the
all-zeros vector, respectively. Moreover, we write (,) = Zj’:o (). For @ # S C [n] and subsets
Jo, J1 C S, we say that (Jy, Jy) is a 2-partition of S if JoU J; = S and Jy N J; = (), and we
denote it as Jy LI J; = S. For any vectors y € R(Snj) and z € R(;‘), let (y, z) denote their vertical
concatenation, i.e., (y,z) = (¥). Whenever I = {j}, we simply write y; = y;. Throughout this
chapter, we let m € Nand P == {x € R" : a/z > b;,i € [m]} C [0,1]". We also write this

system compactly as Az > b, where A € R™*" has rows a; and b € R™. We denote the integer

hull of P by P; == conv(P N{0,1}").
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3.2.1 Integer Programming Hierarchies

We now present the Linear Programming hierarchies of interest for this work. For a polytope P

as above, let
Pl =Pn{reR”:2;,=1} and P*:=Pn{zcR": x;=0}foric [n.

We denote by P; the Balas-Céria-Cornuéjols operator [147] associated with the variable z;,

defined as P;(P) = conv(P"' U P"?). This operator serves as a fundamental building block of LP

hierarchies.
T2 T2
AN AN
S ° @-----mmmmm e °
A 1 “ 1
h 1 \ 1
h 1 A 1
h 1 A 1
h 1 ‘ 1
h 1 . 1
h 1 8 1
1 1
; Pi(P) : Y LSo(P) :
: ! ‘\ !
h 1 \ 1
1 \ 1
\~ 1 \. 1
~a. 1 ~~. 1
S~o 1 ‘._~ 1
R ! Voo !
—— T ——> T

Figure 3.1: Polytope P := {z € R? : 2y + x5 > }L, 0 < 1,29 < 1} (shaded in light blue) together
with P;(P) (left) and LSy(P) (right), whose contours are shown in red dashed lines.

The lift-and-project closure of P can be written as LSo(P) := ()¢, P:(P). We will employ a
useful characterization of LS, (P) (see, e.g., [143], [148]):

LSy(P) = {z € R" :3Y € ROV "ye, V(ey —¢;) € K(P),Vi € [n],

Yeg =Y ey = diag(Y) = (1,2)'},

where the matrices Y have columns and rows indexed by {0, 1, ..., n}, e; denotes the i-th canonical

vector, and K (P) == {(\,Az)" : A\ € R, x € P}. We denote by LS the  iterative applications
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of LSy. That is, LS2(P) = LSo(LSo(P)), LS3(P) = LS¢(LS;(P)), etc. The Lovdsz-Schrijver
operator, LS, requires the lifting matrices Y to be symmetric, while its PSD variant, LS, further
requires Y to be PSD. We similarly denote repeated applications of LS and LS, by LS* and LS’L
Following the presentation in [149], we define the Sherali-Adams level k relaxation [150] MF (P) of

P as follows.

(i) Extend: For every row a, x > b;, with i € [m], every set S C [n], |S| = k and every

2-partition Jy LI J; = .9, introduce a new constraint

[T JT ) (@] —b>0). 3.1)
ieJy j€Jo
(i) Linearize: multilinearize each of the constraints in the previous step by replacing every

monomial [],_; z; with a new variable y;, define yp := 1, and set 27 = ;:

M*(P) = {y e R(<t1) . multilinearized inequalities (3.1)}.

We denote by SA*(P) the (coordinate) projection of M*(P) onto the space of original variables,
1.e.,

SA®(P) == {x € R" : there exists y € M*(P), y; = x;, i € [n]}.

Remark 3.4. Standard definitions of the Sherali-Adams hierarchy either augment the defining system
Ax > b with the redundant inequality 1 > 0, see [149], or augment Ax > b with the box constraints
0 < z < 1 and explicitly include the corresponding consistency constraints in the lifted space,
see [150], [151]. Since we assume that P C [0, 1], these additional inequalities are valid for P.
Throughout this document, we omit them. Lemma 3.24 shows that the Sherali-Adams relaxation
is invariant under augmenting Az > b with valid inequalities. Consequently, our convention is

equivalent to these standard definitions.

The multivariate polynomial factors in (3.1) are known as juntas, or reformulation-linearization

technique (RLT) factors. Given a set S C [n], each 2-partition .Jy LI J; = S induces a polynomial of
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degree | S|, which we refer to as a |S|-junta, and denote by

Fg (Jo, J)(x) =[] = J] (@ = 2).

€1 j€Jdo

We denote its multilinearization by f|s|(Jo, J1)(y). When the degree is clear from the context, we

omit the subscript | S| from both Fig and f|g/.

Remark 3.5. Throughout this document, a k-junta denotes a polynomial of degree exactly &, whereas
[149] uses the term for polynomials of degree at most k. This distinction is inconsequential for the
Sherali-Adams hierarchy: by [150, Lemma 1], the inequalities generated by j-juntas with j < k are
implied by those generated by k-juntas. Accordingly, we restrict the Sherali-Adams construction

only to k-juntas. For completeness, we reprove this simple fact in Appendix A.8; see Lemma A.7.

It is routine to check that

fisi(Jo, )W) = D (=) lys0m.

HCJy

Consequently, the multilinearization of Fis|(Jo, J1)(x)(a z — b;) > 01is

(Z aij — bi) fe(Jo, J1) + Z aij frr(JrU{i}, Jo) > 0. (3.2)
j€n j€m\S
Therefore, an explicit inequality description of M*(P) is obtained by considering all i € [m], all
sets S C [n] of cardinality &, and all 2-partitions Jy Ll J; = S.

The procedure obtained by applying the multiplication (Step (1)) and multilinearization (Step (i1))
steps to only a subset of the inequalities Ax > b, and by considering only a subset of the juntas of
degree at most k, is known as the reformulation—linearization technique (RLT); see [150], [151].

We occasionally refer to juntas as RLT factors.

Example 3.6. Consider P from Figure 3.1. In [152] it is shown that using the procedure described

above we obtain an algebraic characterization of P;(P). Indeed, instead of multiplying the con-
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straints of P by all of the variables, to obtain P, we just multiply by x; and (1 — x;). This gives

us:

xy - (1 + a9 > 1/4) = 23 + 3070 > (1/4) 11

$1(I120)—)$%>0

Il'(l'QZO)—)IlIQZO

>—1) = —x1 > —x%

8
|

8
\Y

21 (=20 > —1) = —x129 > —1
(1 —m1) (21 + 29 > 1/4) = 21 + 29 — 27 — 2129 > (1/4) — (1/4) 1,
(1—x1) (2, >0) 22 —27>0
(1 —x1)(v9 >0) > 29 — 1329 >0

(1—3:1)-(—$12—1)—)—:@—%93%2—1—1—1’1

(I1—m) (29 > —1) > =z + 2120 > —1 + 14

Next, we linearize x5 as y1o and a:f = x4, which is a valid constraint since z, 25 € {0,1}, and

obtain the nonredundant inequalities:

T12 > 0
1 —y12 20
(1/4)x1 + 29 — y12 > (1/4)

Ty — Y12 >0

v
L

v
L

—T1 — T2 + Y12
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Finally, projecting out v, yields the inequalities

1 Z T Z 0

which describe the polytope P (P).
Example 3.7. Consider again the polytope P from Figure 3.1. We next apply the RLT procedure to

its inequalities using the 2-juntas x5 and (1 — x1)(1 — x2). In particular,

122 - (21 > 0) = Y12 >0
Since 1 + x5 > 1 + y10 and y12 > 0, we have that x; + x5 > 1, giving us the integer hull of P.

Let t € [n]. Possibly by permuting the indices we define P! = Py(--- Py((Py(P))) - --).

Below we state Balas’ Sequential Convexification Theorem.

Theorem 3.8 ([153]). Let P C [0, 1]™ be a polytope. Then

Ps' =conv({z € P : z; €{0,1}, j € [t]}).

In particular, P<" = conv(P N {0,1}").

It follows that P; = LS{j(P) by Theorem 3.8. Moreover, it is well known that for all k£ € [n| we
have P; C SA*(P) C LS*(P) C LSF(P) C P; see, e.g., [142], [145].
Given an objective vector ¢ € R" and a polytope P, we define the integrality gap (of the

relaxation P) as the ratio between the optimal value of ¢ over P; and its optimal value over P.
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A Characterization of Sherali-Adams

Fix d < k < n and a polytope P C [0, 1]*. The Sherali-Adams hierarchy has the following
locally consistent distribution property: for every point y € M*(P) and every set of d coordinates
S C [n], we can write y as convex combination of certain points 2701 (for any Jy U J, = S) that
belong to M*~¢(P) and are integer on coordinates from S. The Sherali-Adams hierarchy shares
this property with any stronger hierarchy, such as SoS. However, it can be shown that this property
characterizes the Sherali-Adams hierarchy (see, e.g., [149] and Appendix A.8 for a complete proof):
y belongs to M*(P) if and only if the vectors 270/t belong to M*~¢(P). To make this property
formal, we begin by introducing some notation.

Letd,k € Z>q suchthatd < kand y € [0, 1]<Skn+1). Following [154], for S C [n] of cardinality

d and a 2-partition J, LI J; = S, we define:

Yr if Jo,J1 0
Jo,J1 1 y(z) > )

y}]m]l = Z (_1)|H‘yJ1UIUHa ZJO’JI(?J)I =q % 3.3)
HCJo y}]07J1 if yw«fo,h -0,

for every I C [n] with |[I| < k—d+ 1.
The following result strengthens Theorem 2.25 of [149] by establishing an equivalence. In [149],
the authors establish one implication, with some details omitted, and state that the converse follows

by reversing their argument. For completeness, we provide a full proof of both directions in

Appendix A.8.

Theorem 3.9. Let P C [0,1]", d, k € Z> such that d < k and y € |0, 1](3'&1). Then y € M*(P)

if and only if for every S C [n] of cardinality d, the following hold:
1. For every 2-partition Jy U J; = S, we have 2771 () € M*~4(P) whenever y(;o’”h > 0, and

2. The restriction of y to its first ( o +1) coordinates can be expressed as the convex combina-
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tion of points 271 (y), namely,

yr = >y, (34)

Jo,J1C[n] : JoUJ1=S

forevery I C [n] with |I| <k—d+1.

It is worth emphasizing that Condition 2 above implies that for any S C [n], > JoUi=S yé 01 _q,

Moreover, the vectors {27071 (y)} ;.7 —s are integer in the coordinates indexed by S. Throughout,
expressions of the form Jy LI J; = S in indices range all over Jy, J; C [n] satisfying Jo LI J; = S.

Given S C [n] and y € M*(P), we say that we induce on the variables (indexed by) S if we can

write y (restricted to its first ( coordinates) as in (3.4). See the proof of Proposition 3.20 for

gk—nd-&-l)

an application of the above result to a 2-dimensional instance with k = d = 1.

3.2.2 Symmetries

Let S,, := {bijection 7 : [n] — [n]} denote the set of all permutations on [n]. For 7,7’ € S,
we denote their (function) composition 7’ o 7 as 7', and by 7! the inverse function of 7. We say
that a subset G C S, is a (permutation) group if GG is non-empty and it is closed under compositions
and inverses. We write H < G < §,, to denote that [, G are permutation groups with 7 C G. For
any x € R", we define a left permutation action on R"™ as tx = (.Z'ﬂ-—l(l), Tr-1(2), -5 xﬂ_l(n)) for

all 7 € S,,. Then, the set of (permutation) symmetries acting on P can be defined as
G(P)={reS, : mx € P forallxz € P}.

Next, assume that P can be described by a system of linear inequalities Az > b. Let A. ; denote the
ith column of A and A; . its jth row. We define a right column action on R™*™ as At = (A. z())ic[n)»
Vr € S,. Analogously, a left row action on R™*" is defined by 0 A = (Ay(j..)jeim), Vo € Sp.

Then, the set of formulation symmetries acting on Ax > b is given by

G(Ab) ={neS, :doeS,, cAr = Aand ob = b}.

127



It is well-known and straightforward to verify that G(P) and G(A,b) are permutation groups.
In general, G(A,b) is a subgroup of G(P) since, for example, Az > b may contain redundant
inequalities which do not preserve the symmetries of P. In fact, the two coincide if P is full-
dimensional and has no redundant inequalities [155].

Consider the linear program P : min{cT:L* : Ax > b}, with ¢ € R". Then, the set of of
formulation symmetries of P(A, b, ¢) and the set of symmetries acting on P are defined, respectively,

as:

GP)={neS,:mxcPandc 7z =c zforallz € P},

G(Abyc) ={mn eS8, : rc=candJo € S,,,, cAr = A and ob = b}.

As above, the remaining sets of symmetries are also permutation groups, and G(A, b, c) < G(P).

Remark 3.10. Throughout this chapter, we assume that all groups are subgroups of G(P) or G(P).
In computational studies, these groups may not be directly available; accordingly, the literature
typically considers the group of formulation symmetries G(A, b, ¢). In [156], computing generators
of G(A,b,c) is reduced to the computation of generators of a graph automorphism group, and
hence to Graph Isomorphism, for which fast practical quasi-polynomial time algorithms exist; see

also [121], [124]. We also note that [155] describes a procedure to compute G(P).

k-Transitivity and the Averaging Operator

Letk € [n] and G < S,,. G is k-transitive if, for every pair of (ordered) k-tuples ¢! and ¢ of
[n], where the elements of each tuple are all-different, there exists a permutation 7 € G such that
m(t;) = t5 for j € [k]. We say that P is G-invariant if G < G(P) and it is k-transitive if moreover
G is k-transitive.

Given a subset S C [n] and G < S, we call the subgroup of G which fixes pointwise each
element of S the pointwise stabilizer of S and we denote it by Gg == {m € G : w(i) =i, V7 €

G,Vi € S}. Given any © € R", we define the orbit of © under G as orbg(x) = {mz : © € G}.
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Moreover, we define the Reynolds operator [157] g : R — R™ as

1
Ba(x) = €] Z?T:L“

for x € R™. If z € P for some polytope P and G < G(P), then the convexity of P implies that
Pa(x) € P for every z € P. Next, we describe the averaging induced by the Reynolds operator

with respect to the pointwise stabilizer of a set S C [n].

Proposition 3.11. Let P C [0, 1]™ be a polytope, G < G(P), and S a subset of [n] of cardinality
at most k, for some k € Z>q. Assume that G is (k + 1)-transitive. Then for any x € P, the point

Bas () belongs to P. Moreover, for i € [n), it has entries:

Z; le S S,
ﬁG’s(I% =

DliemN\S T ap

Proof. The statement is obvious for i € S. We next claim ¢ (x); = Bas(x); forany 7,5 € [n]\ S.
Thus, let i, j € [n]\ S. Since G is (k + 1)-transitive, there exists h € G such that h(¢) = {for ¢ € S
and h(j) = i. By construction, 7 € G5. Thus, using the well-known fact that G5 is a subgroup of

G, we can write

‘ ~

Pos (@) = 15 WEGS(W%)J
1
= @ = Lr=1(4)
1
= @ 2 ()1 (6) = ﬁ reZGS Tr1(i) = |GL| EZGS Zr(s) = Pas (@)
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Therefore, for i € [n] \ S, we have

Sooap+ > ay =zl = 1Ba@)lh =D Bala); = (n—|S]) - Ba(x)i + D x,

JjEMN\S jes j€[n] jeS
from which the statement follows. O]

In all the definitions given above, we omit the subscript if the group is clear from the context.
For G < S, we say that G is transitive on T' C [n] if for every ¢, j € T, there exists 7 € G such that
7(i) = 7(7). Thus, in particular, G is 1-transitive if and only if it is transitive on [n]. The following

result follows from a fact in [158, Section 1.8].

Proposition 3.12. A permutation group G < S,, is (k + 1)-transitive if and only if G is k-transitive

and for each S C [n], with |S| = k, we have that G is transitive on [n] \ S.

The permutation group action of S, on singletons {i} C [n] can be naturally extended to
arbitrary subsets S C [n] as: 7(S) = {n(i) : i € S} forall 7 € S,,. Hence we can define the

following action on ]R<S’?+l>:

(71'.%)5 = .’L'ﬂ.—l(s) (35)

for every xz € R(S:H), S C [n]and m € S,,. See [146] for further background on permutation

groups and their actions.

3.3 Known Results on Hierarchies and Integrality Gaps

We summarize known results on integrality gaps and hierarchies that are relevant for our
analysis.

Linear and semidefinite hierarchies offer systematic procedures for strengthening an initial
relaxation of an integer program [148], [150], [152], [159]; see, e.g., [145] for a detailed comparison.
They are used as an automatic way to generate stronger relaxations, while keeping efficiency at
low levels of the hierarchy. However, their success in improving integrality gaps is limited, and

symmetries partially explain this phenomenon. Machine scheduling showcases this behavior: while
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Sherali-Adams and Lasserre are not able to close the gap after linearly many rounds over the
symmetric assignment relaxation, they yield approximation schemes after symmetry-breaking [135],
[136]. [140] study the impact of symmetries for Lasserre and show a sufficient condition to prove
rank lower bounds whenever the solutions and constraints are invariant under every permutation of

Several approaches for handling symmetries in IPs are found in the literature, including
symmetry-breaking procedures in the formulation or in the algorithms employed; see, e.g., [160],
[161], [162] and the survey [124] for a detailed exposition. Towards the goal of providing a unified
perspective, [163] recently introduce a framework that captures many of the existing symmetry-
handling methods. In the context of LP hierarchies, [123] shows how symmetry can be exploited
to construct shrunken LP formulations that attain the same objective value as the corresponding

Sherali-Adams relaxations.

Ranks and Integrality Gap

For any polytope P C [0, 1]" and any well-defined operator T', the T-rank of P is defined as the
smallest k € [n] such that T*(P) = P;. We next summarize known rank results for well-studied
polytopes (see also the notion of resistance in Section 3.5). When discussing integrality gaps, we
assume the objective is given by 1.

We begin with the Maximum Matching problem. Let K5, ; be the complete graph on 2n 4 1
nodes, with edge set E = {{i, j} : i, € 2n+ 1], i < j}, so that |E| = (**)"). We consider the

edge formulation, whose LP relaxation is given by
PY"M(Kypq) =z €[0,1]": Y 2y <1, Vi€ [2n+1]
j{i,j}eE

It is shown in [141] that PMM (K, ;) has BCC-rank n?, while [144] prove that it has LS | -rank
n (note that PMM (K, ) has ©(n?) variables). Moreover, [131] characterize the integrality gap of

PMM(K,), showing in particular that it is (n — 1)-SA-resistant, and that SA*"~! is required to
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close the gap.
Next, for an arbitrary graph G = (V, E), the vertex formulation of the Maximum Stable Set

problem can be defined as
P(G) = {z €0,V : @i +2; <1,V{i,j} € E}.

In [148] this polytope is studied in detail. Indeed, it is shown that the LS-rank of P°%(G) satisfies

the inequality
%—2991—@(0)—1

where the stability number of i defined as o(G) := max {17z : z € PS%(G),z € {0,1}VI}. For

instance, if GG corresponds to the complete graph on n nodes then the LS-rank is n — 2. Moreover,

the point (1/(¢ + 2))1 belongs to LS'(P%5(()) and SA’(P5%(G)) On the other hand, they show

that the LS, -rank ¢ of P*%(QG) satisfies t < a(G).

Another polytope well-studied polytope is

Pff = {xe [0,1]™ : ix’ > 1/2}_

[142] show its LS, and SA-rank is n. Moreover, they show that the equalities LSE(PX) =
LS*(PK) = LS} (PK) hold for 0 < k < n. Then, [145] shows that -1 belongs to SA"~"(PK).
Finally, we note that PX and P°%(K,,) are n-transitive polytopes, whereas P (K,, ) is
only 1-transitive. The reason is that the symmetry group of P (K, ) acts on variables indexed
by the edges of Ko, ;. If this group were 2-transitive, then any pair of adjacent edges could be
mapped to any pair of disjoint edges. However, such a mapping would not preserve adjacency, and
hence cannot correspond to a symmetry of Ky, 1. Therefore, PM*(K,, ) is not 2-transitive.

See Sections 3.6.4 and 3.6.3 for two other classes of polytopes studied in the literature.
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3.4 Symmetry, Hierarchies, and Polyhedral Structure

In this section, we present general geometric results on LP hierarchies, together with structural
properties of 2-transitive polytopes. We further show that the LP hierarchies considered in this
work are symmetry-preserving, in the sense that symmetries of a polytope P are inherited by
the corresponding relaxation. Although these results will be used later, we believe they are of
independent interest. In addition, we discuss a folklore result concerning the dominance of SA over
LSy.

Let C,, be the collection of all polytopes in R™. We say that an operator 7" : C,, — C,, is well-
defined if for every polytope P C [0,1]": (1) T is integer valid, i.e., T(P) N {0,1}" = PN {0,1}",
and (2) and T'(P) C P; and (3) T is monotone, i.e., for every pair of polytopes P, C [0, 1], if
P CQ,thenT(P) C T(Q).

3.4.1 Geometric Properties of LP Hierarchies

For any (c,0) € R"™ we write H.; == {z € R" : ¢'x = §} for the hyperplane defined by
(c,6). We say that the inequality ¢" = > § is valid for P if every x in P satisfies ¢’z > 6. A face
F of a polytope P is a set of the form I’ :== PN H,;s, where ¢'z > § is a valid inequality for P.
See [12, Chapter 3] for details.

We prove that the Sherali-Adams operator is face-preserving, i.e., given any face F' of P, we

have that SA*(F') = SA*(P) N F. To this end, we first present a geometric characterization of M*.

A Disjunctive Characterization of M* The operator LS, admits a disjunctive characterization in
the space of original variables (see Section 3.2.1), while SA admits such a characterization in an

extended space. Indeed, by [151, Theorem 4.1] the set M*(P) can be written as

MF(P) = ﬂ conv( U PJO’J1>

SCln], |S|=k JouJ1=S
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where (.Jy, J1) is a 2-partition of S, and P, j, is the polytope P in R(<i1) where variables Tj=Yj
are fixed to 0 and x; = y; are fixed to 1 for each j € .Jy, and each j' € J;, as well as all the

resulting consequences on the lifted variables y; with 2 < |I| < k + 1, i.e.,

PJOJli—{yGOl <iv1) Z a”y]_( Za”> Vi € [m],

JERN\S jeh1

0<y; <1 Vjeln]\S

y;=1 VjelJd, y=0 Vje
yy=1 YICJ,|I|>2

yr=0 VICS,|I|>21NJy#0
yjur=y; Vien\SVICS0CICJ

yjur =0 Vjen]\S InJy#0}.

The disjunctive characterization of the operators LSy, LS and SA can be used to prove a useful
geometric property. Let F' be a face of P. By monotonicity of a well-defined operator 7', it holds
that T'(F') C T(P) N F. For the operators considered here, this inclusion holds at equality. This
fact is known for LS and LSy; see [143], [148]. The following lemma [12, Claim in Theorem 5.22,

Chapter 5] will be used to extended this result to SA.

Lemma 3.13. Let A C R" be arbitrary and assume that c'x > § is valid for A. Then conv(H,s N

A) = H.sNconv(A).

Proof. Since H.sNA C H,sNconv(A) and conv(A) and H, 5 are convex sets, then the left-to-right
inclusion follows. To prove the converse, let T € H.s N conv(A) arbitrary. By Caratheodory’s
Theorem, there exits at most & < n + 1 positive weights {\;}*_, thatadd up to 1, z* € A fori € [K],
and such that 7 = 3% | \;z%. Moreover, ¢' 7 = § and ¢z > ¢ for i € [k] since the inequality is
valid for A. Since ¢' Z = b we have that Zle \ic' ' = §. We conclude that z* € H, ¢,s given that

SE =1 O
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Before proving the extension to SA, we first illustrate the argument revisiting the known case of
the BCC operator P;. For completeness, we provide a simple proof that P;(F') = P;(P) N F using

the lemma.
Proposition 3.14. Let F be a face of P. Then P;(F) = P;(P) N F for j € [n].

Proof. Let F be a face of P defined by the some hyperplane H,; with (a,b) € R"*!. Then

P;(F) = P;(P N Hay)

=conv(PNHy,pyN{zx eR" : z; =1})U(PNHypN{z eR" : z; =0})
=conv(H,y N(PN({x € R" : z; =1}U{z e R" : z; =0})))
=H,pNeconv(PN({z €eR" : z; =1} U{x € R" : ; =0})) by Lemma (3.13)
= Hop N P;(P)

= FNP;(P) since PN P;(P)= P;(P).

]

We now turn to SA. For an arbitrary set 2 C R", we denote its trivial extension to R<Skn+1) by
Rt = {y e R(zi) . 1, (y) € R} = R x R(=i) ™,
Proposition 3.15. Let F' be a face of P. Then it holds that
MF(F) =M*(P)N F* and SA*(F)=SA*(P)NF.

Proof. Assume that F is induced by the inequality ¢'z > 4, i.e., F = PN H,s. Consider an

arbitrary S C [n] with |S| = k, and a 2-partition (Jy, J;) of S. We note that ¢"x > § is valid for
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Pj,.5,. Therefore,

conv (( U PJoJl) ﬂFk) = conv (( U PJO’J1> ﬂH&)
JoUJ1=S JoUJ1=5
:conv< U PJ07J1> ﬂHfﬁ
s

JolJ1=

where the last equality follows by Lemma 3.13. In consequence,

M(F) = () Conv<( U SPJO,h)ﬂF’“)

SC[n),|S|=k JoUJy=
= ﬂ conv ( U PJ07J1> ﬂHfﬁ
SQ[n],\Slzk JouJ1=S
= ﬂ conv ( U PJO7J1> ﬂH§5
SCln],|S|=k JouJ1=S
=M"(P)N F*

since P¥ N M*(P) = M*(P).
Finally, we show that

I, (M*(P) N F*) = SAF(P)n F.

Indeed, let = € II,(M*(P) N F*). Then there exists y € R(<#1) =" such that (z,y) € MF(P)N FF,
ie., (z,y) € M*(P) and 2 € F. The former implies 2 € SA*(P), and together with z € F, we

obtain z € SA*(P) N F. The converse follows readily. O

3.4.2 Geometric Properties of 2-transitive Polytopes

For a permutation group G < G(P), we define the fixed set of P under G as
fixg(P) ={z € P:mx=aforallme G}.

When P = R", this set is a linear subspace, commonly referred to as the fixed subspace of G.
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Proposition 3.16. Let P C [0, 1|" be a 2-transitive polytope. Then dim(P) € {0,1,n — 1,n}.

Proof. Let G be a 2-transitive group under which P is invariant. By definition, it holds that
fixg(P) C P. If fixq(P) = P, then dim(P) € {0, 1} since G is transitive.

On the other hand, suppose that P \ fixg(P) # 0. Letu € P\ fixq(P) and consider the orbit of
w under GG. Suppose, without loss of generality, that u, is the largest entry in u. Since G is transitive,
u; can be mapped to each entry j € {2,...,n}. Next, pick any set of vectors {u', ..., u"} where
w = g;(u) and w) = u, for some g; € G, for each j € [n]. We claim that the set { 3¢, (u/)}7_, C P
is affinely independent. Indeed, for each j € [n] the group G, is transitive on [n] \ {;j} since G is

2-transitive, hence we can write

Ba; (w') — Ba, (u") = (Uleg‘ + (Hulllf_lul) Z%) - (ulen + (W%) Z@)

i#j i#n

_ _ |lulli — us
= F— én h = ——).
u(ej —e,) where u (u1 |

Considering that u ¢ fixg(P), the scalar @ must be nonzero, implying that the n — 1 vectors

Ba,(w)) — Be, (u™) are linearly independent. In consequence dim(P) is at least n — 1. O

Proposition 3.17. Let P C [0, 1|™ be a polytope and let G be a 2-transitive group under which P is

invariant. If
1. dim(P) < 1, then fixq(P) = P;
2. dim(P) = n — 1, then dim(fixg(P)) = 0;
3. dim(P) = n, then dim(fixg(P)) = 1.

Proof. (1)If dim(P) < 1, then fixg(P) = P since G is transitive. (2) Assume dim(P) =n—1 > 1,
and suppose, on the contrary, that fix;(P) is not a singleton. By Proposition 3.11 there exist some
to,t1 € [0,1], to < ty, fixg(P) = {te € R™ : t € [to,t1]}. As in the proof of Proposition 3.16,
pick some u € P \ fixg(P), take its orbit under G, and consider the set {3¢, (u/)}7_, C P. The

latter set is affinely independent and lies on the hyperplane H = {z € R : 'z = |Jul}.
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Clearly S (u) = (||ull1/n)e belongs to fixg(P) N H, hence ty < |jul|;/n < t;. Pick any other
t' € [to, t1] such that ¢’ # ||ul|;/n. Then 2’ = t'e € fixq(P) C P and it belongs to the orthogonal
complement of /. This implies that P must be full-dimensional, which contradicts our assumption

dim(P) =n — 1. O

Remark 3.18. The above results are tight with respect to transitivity. Consider x := (1,1/2,1,1/2)
and z = (1,1/3,1,1/3) and let P be the convex hull of the orbits of = and y under Cy. It is
straightforward to show that dim P = 2. Moreover, its fixed set {te € R* : ¢t € [2/3,3/4]} is

one-dimensional.

3.4.3 A Folklore Result: Sherali-Adams Dominates the Lift-and-Project Closure

It is a folklore result that one round of Sherali-Adams is strictly stronger than the lift-and-project
closure. While a proof is claimed in [164], we first show that their argument is incorrect. To the best
of our knowledge, a correct proof has not appeared in the literature. We then present an instance in
0, 1]? that illustrates this dominance.

In [164, Section 3, Subsection 14] the authors exhibit an instance of the Steiner Triple Covering
problem (see Section 3.6.2) for which they claim that a particular SA level 1 cut is not valid for the
split closure — which is known to be strictly stronger than the lift-and-project closure. Their argument
relies on the claim that a particular point lies in the interior of the split closure of the relaxation,
and hence in the interior of the lift-and-project closure. This claim is supported by verifying the
infeasibility of a mixed-integer nonlinear system. However, such infeasibility conclusions should
be interpreted with caution, as numerical solvers for mixed-integer nonlinear systems may be
significantly affected by rounding errors, potentially leading to incorrect assessments. We show

below that this claim is incorrect.

Claim 3.19. Consider STC(9) and denote by P its LP relaxation. The point (3/7)e, which is
claimed in [164, Section 3, Subsection 14] to lie in the interior of LSy(P), does not in fact belong

to it.

138



Proof. We show that (3/7)e is not in the interior of P;(P) for any i € [9]. Consider i € [9] and let
PF=Pn{zel0,1]° : z; = k} with k € {0,1}. Let 2! € P! and 2° € P° be arbitrary. We
show that any \ € [0, 1] such that Z :== Az! + (1 — \)z° € P;(P) N span(e) satisfies A > 3/7. To
this end, first, we note that > | i T > 8/3 is valid for P! (summing up the 8 constraints such that
x; is not in their support), while > i T > 4 1is valid for P° (summing up the 4 constraints such
that x; belongs to their support). Since & = Az + (1 — X\)z° € span(e) for j € [9] and Z; = A, we

have that A = Az} 4 (1 — A) for all j € [9]. Summing up over j € [9] yields

OA = A+ A (Zx]l) +(1- ) <Zx§>

J#i j#i
> A+ (8/3)A+ (1 — N4

which implies A > 3/7. O

We now present a correct proof that Sherali-Adams with £ = 1 strictly dominates the lift-and-

project closure.
Proposition 3.20. For 0 < € < 1/2 there exists a polytope P. C [0, 1]? such that SA(P) C LSo(P).

Proof. Let 0 < ¢ < 1/2 and P. C [0,1]? be the polytope defined as the convex hull of the
following points: (0,1/2),(1/2,1),(1/2,0), and (1,1/2 + ¢). Note that P, (P) is the segment with
endpoints {(0,1/2),(1,1/2 + ¢)}, while P»(P) is the segment with endpoints {(1/2,1), (1/2,0)}.
It is straightforward to check that LSo(P.) = P, (P.) N Py (P.) = {(1/2,(1 + €)1/2)}.

Next, we show that SA(FP,) = () using Theorem 3.9 with k = d = 1. Suppose for the
sake of contradiction that this is not the case. Let y € M'(P) where I1,(y/ys) € SA(P.). Let
v, w' € MY(P,) for i € {1,2} given by

1 1
Vp = Y1, Wy =1Yp— U
| = =0

Uy =Y, Wy =

1 1
Vg = Y12, Wy = Y2 — Y12,
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Figure 3.2: Polytope P. with ¢ = 1/6.

and

ngym w%zy@—yz

VP =Y, Wi =Y Yo

Vs =1y, ws=0.

We note that we can induce on both variables x; and x5 since the only points of P, with at least one
integer entry are cut-off by SA level 1, i.e., I1,(y/yp) must be fully fractional.

It holds that IT,(v' /v;) € P. and I, (w' /wy) € P.. Since v{/v; = 1, we have that v} /v; must
be equal to 1/2 + ¢, i.e., y12 = (1/2 + €)y;. On the other hand, since w{/w; = 0 we have that
% = 1/2. Replacing the former relation into the latter equation we have y, = (1/2)yg + €y.
Next, we have that IT, (v /v7) € P, and IT,(w?/w§) € P.. Since v /vj = 1 we have that v /v =

1/2, ie., y12 = (1/2)yo. Moreover, w3 /w; = 0 implies that w}/wj = 1/2, i.e., Ll = 1/2.
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Therefore, y; = (1/2)yy. Summing up, we have

yi2 = (1/2+ )y
Y2 = (1/2)yp + ey
Y12 = (1/2)y2

y1 = (1/2)yp

The latter system reduces to y1o = (1/2)(1+€)y; and y12 = (1/2+¢€)yy, i.e., € = 0, a contradiction.
0

3.4.4 Symmetric Operators

We say that 7" is symmetry-preserving if, for every polytope P and every subgroup G < G(P),
the convex set 7'( P) is also G-invariant. We show that the hierarchies LSy, LS and SA are symmetry-
preserving. This property is implicit in the literature, see e.g., Ostrowski [123]. The formal
statements are given in Propositions 3.25 and 3.26.

We begin by introducing the auxiliary results needed for their proofs.

Proposition 3.21. Let P be a G-invariant polytope. If T' is a well-defined symmetry-preserving
operator, then

T(P)# 0 < fixa(P)NT(P)# 0.

Proof. Necessity is straightforward. To prove sufficiency, pick any =z € T'(P). Given that T
is symmetry-preserving we have that orbg(z) C T'(P). By convexity of 7'(P) we have that
conv(orbg(x)) C T'(P). Finally, the barycenter of the orbit of = under G, S (x), clearly belongs to

conv(orbg(z)) C T'(P). We observe that S (z) € fixg(P), as for every 7’ € G,
7' Ba(x) = W’L Z?T:L‘ _ L Zﬂ'ﬂx _ L Z 'z
|G| el |G| el |G| el 7

where in the last equality we used the changed of variables 7" := /7. O
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We will use the following characterization of the symmetries of a polytope P.

Lemma 3.22. Let P be a polytope. A permutation m € S,, belongs to G(P) if and only if for any

valid inequality oz > 3 of P we have that (ma) "z > f3 is also valid for P.

Proof. Consider a permutation 7 € G(P) and a valid inequality o' 2 > 3 for P. We must show
that (ma) "'z > S is also valid. Since G(P) is a group, then 7=+ € G(P). If v € P then 7'z € P,
and thus o7tz > B. Observing that o (77 'z) = (7wa) 2, then (ma) 'z > B forall z € P.
Hence (7o) "z > (3 is a valid inequality for P.

To show the other implication, consider a permutation 7 such that for any valid inequality
o'z > B for P, we obtain that (ra) "2 > 3 is also valid. It suffices to show that for any z € P we
have that 7z € P. Consider any formulation of P given by P = {x : Az > b}, for some matrix
A€ R™™and b € R™. Letx € P. Then a] x > b; for all i € [m], where a; is the transpose of the
i-th row of A. Then (7a;)"x > b;. Therefore (ma;) ' = a (m~1(x)) > b; for all i € [m], and thus
7~ !(z) € P. We conclude that 7=! € G(P). As G(P) is a group, it is closed under taking inverses,

and thus 7 € G(P). O

The next lemma shows how the action of a permutation can be transferred from a lifted point to

the vector of coefficients defining an inequality.

Lemma 3.23. Suppose that G acts on R(Sknﬂ) as in (3.5). Leta,y € R(S’fﬂ) and ™ € G. Then

a'my > 0ifand only if (n1a) "y > 0.

Proof. 1t is not hard to see that each m € G can be associated with a permutation matrix R, €
{0, 1}(S:+1>X(S'?+l), hence we can write the action of 7 on y, i.e., 7y, as R,y. Moreover, a
permutation matrix is an orthogonal transformation, i.e., (R,r)‘1 = R;, then we can write aTwy =

a'Rry = (a"Ry)y=(Rla)'y = (R;'a) y = (77 'a)Ty. O

Finally, we show that the Sherali-Adams relaxation is invariant under augmenting the defining
system with valid inequalities. This property will be used to prove that M*(P) is G-invariant and,
in particular, justifies the convention adopted in Section 3.2.1 of omitting certain redundant valid

inequalities when constructing M*(P).
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Lemma 3.24. Let Ax > b be a system of linear inequalities defining a polytope P contained in

[0,1]", and let o' x > B be an inequality implied by Ax > b. Then
MF({Az > b}) = M*({Az > b, o'z > B}). (3.6)

Proof. Clearly M*({Az > b,a"x > B}) C M*({Az > b}). We now turn to the reverse inclusion.

Consider the linearization of the inequality [ ], 5, Ti 11 ic Jo(l —z;)(a’z - B) >0,1ie,

<Z aj — 5) fi(Jo, J1) + Z aj fre1(J1U{j}, Jo) 2 0. (3.7
jeN Jj€n\S

We show that (3.7) is implied by the inequalities of M*({ Az > b}). First, suppose that the polytope
P induced by the system Az > b has positive dimension. Then, by Proposition A.5 in Appendix A.7
there exists a vector of duals u > 0 such that u' A = o and u' b = 3. Therefore, if we denote by

A7 the j-th column of A, we have

(Z a; — 5) fr(Jo, J1) + Z aj fer1(J1 U {4}, o)

Jj€J1 jeMmN\S

- (Z(UTAJ) _uTz)) Feldo, )+ Y (" A7) fra (B U {5} o)

j€di J€lNS

=u' (Z A — b) fldo )+ DY A fua (L u{i}J) |
jEJ J€lR\S
which is a conic combination of inequalities of M*({ Az > b}).

It remains to consider the case where P is O-dimensional, i.e., it consists of a single point. This
point is either integral or fractional. If it is integral, then (3.6) holds because o' x > f3 is trivially
valid for the integer hull of P, and the projection of M* onto the original space of variables, i.e.,
SA*, preserves integrality. If the point is fractional, then (3.6) holds because both sides are empty:
SA is at least as strong as the lift-and-project closure LSy, and therefore cuts off every fractional

vertex of P. L]
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Proposition 3.25. Let G < G(P) and k € N. Then M*(P) is G-invariant.

Proof. Consider P == {x € R" : a]x > b;,i € [m]} C [0,1]™. Due to Lemma 3.22, if 7 € G(P)
we have that (wa;) > > b; is valid for P. Hence, by Lemma 3.24, if we add (7a;) "z > b; to
the description of P, the set M*(P) does not change. Therefore, we can assume that the set of
inequalities describing P, i.e., {a; x > b; : i € [m]}, is closed under permutations in G(P), in
the sense that o'« > 3 belongs to {a, © > b; : i € [m]} if and only if (7o) x > /3 belongs to
{a]x >b; :i € [m]}.

We now introduce notation for the inequalities defining M*( P). For each S C [n] with |S| = k,
each 2-partition Jy LI J; = S, and each row a:x > b; of the system Ax > b, inequality (3.2) takes

the form

(Z Qij — bi) Feldo, W)+ > aig fenn (U {5}, o) > 0.

jeN JEMN\S
We define the vectors 77071 (a;, b;) € R(<i) by setting, for every subset I C [n] with |[I| < k + 1,

(

()1 (Syepass—b) 1= HUH HCJ,
ro (ag, bi)p s = (—1)lq, ; if I =J,U{j}UH, HCJy je€[n]\S,

0 0.W.

\

Next, we prove that for any y € M*(P) and any 7 € G, we have that 7y € M*(P). In-
deed, for Jy U J; = S with [S| = k observe that (mr/o" (a;,b;)); = (r’o" (a;,b:))a-1(1) =

(r™Jo)m (1) (r=1q, b;)); for I C [n] with |I| < k + 1. Therefore, by Lemma 3.23 we have that

TJO’Jl(CLi,b)T(Wy) >0 = (ﬂ_—lrJo,h (aivb))Ty >0

(7™ 0T ) (72, ) Ty > 0.

Since 7 acts as a permutation of [n], we have that 7(S) C [n], |7(S)| = kand 7(Jo)Un(J;) = 7(S5)

is a 2-partition. Moreover, by assumption, if the inequality a,' = > b is present in the defining system
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of P, then so is (7~ 'a;) Tz > b. Hence, (r™ %)™ (J)(7z=1q, b;))Ty > 0 is a valid inequality
of M*(P). We conclude that 7y € M*(P) whenever y € M*(P). In consequence, M*(P) is

(G-invariant. O]

A similar statement holds for LSy and LS.

Let Y € R"FDX(+1) be 3 matrix with row and column indices in {0, 1,...,n}. For a permuta-
tionm € S, we extend itto {0, 1...,n} by simply defining 7(0) = 0. We define the action of G
on any lifting matrix as

(ﬂ'Y)Z'J = Yﬁ—l(i)’ﬂ.—l(j) (38)
foreveryi,j € {0,1,...,n}.
Proposition 3.26. Let G < G(P), k € N. Then LS%(P) and LS*(P) are G-invariant.

Proof. 1t suffices to prove the statement for £ = 1. Let us show first that LS, is symmetry-
preserving. Assume that P is G-invariant. We aim to show that LS, (P) is also G-invariant, that is,
if v € LSo(P) and 7 € G then mx € LSy(P). Let Y be the lifting matrix associated to x, where
Yeo = (1,2)" and Ye;, Y (ep — ¢;) € K(P). We show that 7Y is a lifting matrix for 7z. Let
us extend the action of 7 to vectors in R" as w(z, ..., z,) = (Zo, Zr—1(1), - .., Lx-1(n)). Then,
(mY)e; = m(Yer)) € nK(P) = {mx : v € K(P)}. Using the straightforward fact that K (P)
is G-invariant (for the action of GG extended to R™*'), we obtain that 7 K (P) = K (P), and hence
(Yer13)) € K(P) for every i € [n]. With this we conclude that (7Y")e; € K(P). The exact
same analysis shows that (7Y")(ep — €;) € K(P). Finally, we observe that due to the definition of
the action of 7 on Y it holds that (7Y )ey = (1, m2) = (7Y)Teq = diag(7Y). We conclude that
mx € LS.

Finally, assume that z € LS(P). We follow the same proof as for LS, and show that if Y is the
lifting matrix for x € LS, then 7Y is the corresponding lifting matrix for 7z. Indeed, we have that

Y is symmetric, Y = Y '. By using the definition of 7Y, we obtain that 7Y is also symmetric, as
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foralli,j € {0,1...,n},

(7Y )i = Yer0)m-1() = Yar)m10) = (7Y )4

We conclude that 7z € LS(P). O

3.4.5 On k-Transitive Groups

We present a structural result on k-transitivity. This result follows from one of the major

breakthroughs in modern mathematics, the classification of finite simple groups [165].

Theorem 3.27. [158, Theorem 4.11] The finite 2-transitive permutation groups are explicitly known.
In particular, the only finite 6-transitive groups are the full symmetric group S, and the alternating

group® A,,.

Computing a set of generators .S for permutation group can be performed in quasipolynomial
time [166], [167]. In practical computations | S| is usually small, and any G < S,, can be generated
by at most n/2 permutations; see [168]. On the other hand, if we are given a set of generators for a
group, we show that (possibly known fact) we can identify its degree of transitivity in polynomial

time.

Proposition 3.28. Given G < S,, by a set of generators S C G, for k < n, we can check in

polynomial time (in |S| and n), whether G is k-transitive or not.

Proof. In [168, Page 49, Chapter 3] there is a list of tasks that can be computed in polynomial-time.
Consider the following tasks: 1) Task (a), Find orbits of G; 2) Task (e), Given A subset of [n],
find the pointwise stabilizer of A in GG; 3) Task (b), Given h in S,,, test whether h belongs to G.
Therefore, since we have that GG is k-transitive iff for any 4 in [n] the subgroup G; is (k— 1)-transitive,

we can decide in polynomial time whether G is k-transitive.

2This is the group of all the permutations in S,, which can be written as product of an even number of transpositions

(i4)-
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Indeed, given G by a set of generators, by 1) we can check whether G is transitive or not (we
get only one orbit). If it is not, we are done. If it is transitive, then for every 7 in [n], by 2) we can
compute the subgroup G; (which is the pointwise stabilizer of the set {7}. Then by 1) again we can
check whether it is transitive or not. If it is not for some ¢, then we have that G is 1-transitive but
not 2-transitive. Otherwise, it is at least 2-transitive and we continue. For every ;7 > 7, by 2) we find
the pointwise stabilizer of {j} in G; (we computed G; before). Then by 1) we can find the orbits
of G, ; etc. Since for k > 6 there are only two possible k-transitive groups (S,, and A,,), then for
k > 6 it suffices to know whether G is 6-transitive or not. If it is, then we just need to distinguish
between S,, and A,, by 3) we can check whether any odd permutation belongs to G or not. (S, is

n-transitive while A,, is (n — 2)-transitive). O

See [168] for further background on computational group theory.

3.5 On the Improvement of Integrality Gaps

Consider the following integer programs.

P i &13,?}3 T14+T9 + T3 Py i 310131}3 T14+T2 + T3
T1 — 209 — 223 > —3 (3.9a) 201 — X9 — 43 > —3 (3.10a)
—271 + 29 — 223 > —3 (3.9b) —4xy + 229 — 3 > —3 (3.10b)
—2x1 — 229 + 23 > —3 (3.9¢) —x1 —4dxe + 223 > —3 (3.10c)
271 + 229 + 223 > 3 (3.9d) 271 + 229 + 223 > 3 (3.10d)

We denote by F7 and £ the optimal LP faces of the formulations (3.9) and (3.10), respectively;
see Figure 3.3. It is straightforward to verify that both integer programs admit a unique feasible
integer solution, namely (1,1, 1), and are therefore as integer programs. However, their linear
programming relaxations are geometrically distinct. Despite this, they are equivalent from a

bounding perspective, as both optimal LP faces attain the same objective value of 3/2.
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Interestingly, applying one round of the LS, operator yields significantly different behavior. By
Proposition 3.14, LSy (F') = LSo(P) N F, so it suffices to analyze the operator on the optimal LP
face. Because this face contain no integer points, the relevant question is whether LS eliminates it,
1.e., whether LS, improves the LP bound.

From Figure 3.3, we readily deduce that LSy(Fy) = 0, since for i # j, the polytopes P;(Fy) N
P;(Fy) correspond to distinct vertices of F. In constrast, LSo(F}') # 0, as it containts the point
(1/2,1/2,1/2).

This discrepancy is not incidental. Rather, it reflects an intrinsic structural difference between
the two polytopes, which can be understood through their symmetries. Geometrically, £ lacks
certain supporting points (highlighted in blue in Figure 3.3) that would allow the formation of
convex combinations resistant to the action of LS.

This distinction is captured by the symmetry groups acting on their vertex sets. The polytope
FY is the convex hull of all permutations of (1,1/2,0), and thus admits the full symmetric group Ss.
In contrast, £} admits only the cyclic group C’s. Since both groups act transitively on the vertices,
this alone is insufficient to distinguish their behavior. A finer notion is therefore required, namely
k-transitivity. In particular, the symmetry group of F' is 3-transitive, whereas that of £} is only

1-transitive.

Remark 3.29. Let P be a linear relaxation of P, and let F" be a face of P. Then G(P) < G(F).
Moreover, if I is induced by an inequality of the form 172 > /3, as is often the case when studying

integrality gaps in symmetric problems, then G(P) = G(F)).

As Theorem 3.1 suggests, symmetry alone is not sufficient for a polytope to resist cut operators
such as LSy. Indeed, let F’ := conv({7((1 +¢)/2,1/2,(1 —t)/2) : m € S3}) for 0 < t < 1. By
definition F” is 3-transitive polytope, and it is straightforward to verify that it is strictly contained in
F}. Morever, LSo(F’) = (), in agreement with the theorem.

Therefore, Theorem 3.1 ultimately hinges on an additional condition beyond symmetry. Re-
turning to the guiding question posed in the introduction — can we characterize the conditions

under which a symmetric optimal face of a relaxation is eliminated at a fractional node of the
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Figure 3.3: A depiction of the optimal LP faces of (3.9) (left) and (3.10) (right).

branch-and-cut tree? — the theorem provides a partial positive answer in the presence of sufficient
symmetry in the underlying binary integer problem, when the cuts considered arise from the LP
hierarchies discussed throughout this chapter. See Section 3.6.2 for an example of LP bound

resistance after adding a non-optimal objective cut.

3.5.1 k-Resistance

We formalize the notion of resistance. In general, we aim to understand which properties an
integer program (not necessarily symmetric) must satisfy so that its integrality gap does not improve
after a large (typically linear in n) number of rounds of a cut operator 7. We say that P is k-1’

resistant if there exists ¢ € R™ such that

min ¢!z = min ¢z < min Iz, (3.11)

zeP z€Tk(P) zePN{0,1}n

where any of the values above is defined to be oo if the corresponding problem is infeasible.
Consider now a class of polytopes P(n) C [0,1]" forn € N, and let f : N — N. We say that
P(n) is ©(f)-T resistant if there exists a function g : N — N with g = O(f) such that, for each
n € N, P(n) is g(n)-T resistant.
A direct application of Theorem 3.1 provides sufficient conditions toward answering this

question. In particular, let { P(n)},en be a family of polytopes with P(n) C [0, 1]". If, for each
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n, P(n) is integer-empty, its optimal LP face is (k + 1)-transitive, and it intersects all (n — k)-

dimensional faces of [0, 1]", then P(n) is k-T resistant for 7" € {LS,, LS., SA}.

Resistance under Mixed-Order RLT Factors

We next consider the use of RLT factors of different orders and exhibit an instance in which,
even after adding ©(n) such factors, there is still no improvement in the LP bound. This shows that
the inclusion of higher-order factors does not suffice to strengthen the relaxation.

Consider a polytope P C [0, 1]" described by a;x > b;, i € [m]. Given a set K of RLT
factors, we say that the RLT procedure is applied to P using K if every factor in K is used in the
Sherali-Adams extend-and-linearize construction, namely, steps (i) and (ii) of Section 3.2.1. We
say that we RLT by a d-junta Fy(Jy, J;)(z) if we multiply every inequality defining P by this factor
and then multilinearize. We denote by |- |, the multilinearization operator acting on polynomial
expressions by first applying the identities 27 = z; for every i € [n], then replacing each monomial
[Lc; @i, where I C [n], with y7, setting ¢y = x;, and yp = 1.

Using this notation, the relaxation M*(P) can be written, following the original definition of

Sherali and Adams [150], as follows; see Remark 3.4.

(SA-0) yp =1

(SA-1) For each 2-partition Jy U J; = S C [n] with |S| = min{k + 1,n},
[Fisi(Jo, Ji)(x)], > 0;
(SA-2) For each i € [m] and each 2-partition Jy U J; = S C [n] with |S| = &,
[Fi(Jo, J1) () (aj v — bi)h > 0.

Given a set K of polynomial RLT factors, let deg(K') denote the maximum degree of a factor in

K. We define Ry (P) as the linear system obtained by applying the RLT procedure to P using the
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factors in K and intersecting the resulting system with P x R(Sdeg?K >+1)_”. In particular, Rx (P)

implies all the original inequalities defining P, and we assume that the equation yp = 1 is included.

Now we exhibit an instance that is resistant to ©(n) RLT factors of arbitrary degree. Let

P::{LEER"

i=1

for some 0 < 9 < 1, and consider the binary integer program
min {1'z |z € PN{0,1}"}.

We show that if the RLT procedure is applied to P using any collection of (n — 1) juntas, of
arbitrary degrees d; € [n], then the optimal value of the resulting LP relaxation is unchanged.

Recall that the multilinearization of any d-junta Fy(Jy, J;)(x) is given by

(FalJo, J) ()] = > (=) lyy0m. (3.12)

HCJy

Moreover, for k € Jy U J;, we have the following absorption properties

Fd(Jl, J())(l’) if k € Jl
T * Fd(Jo, Jl)(l") = (313)

0 otherwise, i.e., k € Jy,

and

Fd(Jo, Jl)(l’) if k € J()
(1 — ) - Fy(Jo, J1)(z) = (3.14)

0 otherwise, i.e., k € J;.

Lemma 3.30. Ler D be any set of distinct d;-juntas, where 1 < d; < n and i € [|D|]. If

|D| < |n/2] — 1, then there exists some pair of indices i*,j* € [n], such that, for every junta
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Fy.(Jo, J1)(x) € D whose corresponding 2-partition satisfies | J,| < 2, we have

{i*, 7N J = 0.

Proof. Notice thatif |D| < [n/2] — 1 at most |n/2] — 1 disjoint pairs {7, j} can be chosen. Hence,

there exists some pair {i*, j*} which is disjoint to all of them. O

Proposition 3.31. Let K be any set of d;-juntas. Suppose that |K| < |[n/2] — 1. Then
min {1"z : (z,y) € Rg(P)} < 6.

Proof. Since |K| < |n/2] — 1, let {i*, j*} be a pair of indices as in Lemma 3.30. Consider the
following vector: #}. = 2. = 3, &/ = 0 foralli € [n] \ {i*,j*}, yjp = 1, and yj = —(1 — §) if

I = {i*,j*}, and y; = 0 if I is a non-empty subset of variables. Notice that 1"z’ = x. + 2. =4,

therefore it suffices to prove that (2',y") € Rg(P).

(SA-1) Constraints First, we show that (2/, y) satisfies all the SA-1 constraints. Let Fy(Jo, J;)

be in KA. Notice that any consistency constraint can be written as

[Fai1(Jo, LUK} (2)], 20 or  [Fys(JoU {k}, Ji)(z)], =0

ifk ¢ Jy U Jp

First, observe that [Fy(.Jy, J1)(2')], > 0if J; # . Suppose J; # (. Either |.J;| > 3, or | J;| < 2
and {*, j*} N J; = 0. In both cases, k € .J;, k # i*, j* hence all variables are of the kind yy(}-
Moreover, notice that if .J; # (), then (2, y') satisfies the corresponding SA-1 constraints since the
only nonzero entries of (', ) are xi., 2., yj. ;. and they do not participate in this constraint.

Hence, the non-trivial cases are when J; = (), which we enumerate below.
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(i) Suppose k € [n]\ Jo. Then by (3.12), we have that [F,;1(Jo U {k},D)(x)]., equals

1—:6'2* if i* € J(]U{k} and j* ¢ Jo
o S .
Z (1)l — 1 — a2l if j* € JoU{k}andi* ¢ Jy
H
HCJoU{k} L= =l +yir e i35, 57 € JoU {k}
1 otherwise.

Hence, in any case the latter sum is nonnegative.

To study [Fyi1(Jo, {k})(x)]L we consider two sub-cases:

(a) Let k € {i*, 7*} and assume without loss of generality that £ = i*. Then by (3.12), we

have

T if 5 ¢ J,
Far(Jo, (kD @) = Y (D) gy =3 I ¢

HCJo Tie — Ype j= 1 J° € Jp.

Clearly any case is positive.
(b) Assume k # ¢*, 7*. Then
[Faer(Jo, ARD @) = D (=DM yfpy0m =0,
HCJy

Since y; = 0 whenever I \ {i*, j*} # 0.
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(i) Suppose k € Jy. Then by (3.12) and (3.14), we have

(1 =) - Fa(Jo,0)(2)] = [Fa(Jo,0)()]L

ZHQJ()(_l)lH‘yf{k}UH

(

1 —al. if i* € Jpand j* € [n] \ Jo
1-— l’}* if 7% € Jyand * € [n] \ Jo
1 — 1‘2-* - .T;* + yz*,]* lf Z*,]* € z]()

1 otherwise.

Moreover, the absorption property (3.13) and k& € J, implies x1 - Fy(Jy,0)(xz) = 0. Therefore

a’, 1) satisfies any SA-1 constraint.
Y y

(SA-2) Constraints We show that (z', y) satisfies any SA-2 constraint. Using (3.14), we need to

verify that
Z Tp (H@H(l—xﬁ)—5<Ha:jH(1—xi)) > 0.
ken)\Jo JjEJ1 (ISH) jeJ1 i€y I

for every Fy(Jy, J1)(x) € K. Using (3.12), the previous inequality can be rewritten as:

S 0y o — 6 (Z (—1>'H'y,’huH> >0 (3.15)

ken)\Jo HCJo HCJy

) N

-

—~
A B

As with the SA-1 constraints, we can assume that J; = (). In fact, if J; # 0, then J;\{i*, j*} # 0,
hence v, 3307 = ¥),ur = 0 for every I. Hence, the inequality (3.15) is satisfied by (',y"). We

enumerate the cases where .J; = .
(i) Suppose |[{i*, 7%} N Jy| = 2. Notice that

B = Z (—D)Hlyly =1— 2l — 2l + 4l . = 0.

HCJy
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If [n] \ Jo # 0 then for k € [n] \ Jy, we have Yo = 0 forall H C Jo. If conversely
Jo = [n], then the first summation in A is empty. In both cases, A = 0 and (2, ') satisfies

the inequality (3.15).

(if) Suppose |{i*,j*} N Jo| = 1. Without loss of generality, suppose i* € Jy and j* € [n] \ Jy.

Then
0
Z > (DM = 2 — gy =1 - >
n\Jo HCJo
On the other hand,
H 62
B=0{ > (-1 ) =001 —ai)=0-
HCJy

Since 1 — % + % =20 —1)(6 —2) > 0forany 0 < § < 1, then (2/,y') satisfies the

inequality (3.15).

(iii) Assume |{i*,j*} N Jy| = 0. Then

= > > (D)Mo = e e =4,

ke[n]\Jo HCJo

while

B=4§ (Z( 1)H|y’H> = .

HCJy

Therefore (2/,y') satisfies the inequality (3.15).

Therefore (2',y') is feasible for Rk (P) and we conclude the proof. O

3.6 Examples and Applications

3.6.1 A 3-Dimensional Example

We illustrate Theorem 3.1 on a 3-dimensional polytope. In Figure 3.4 we consider the polytope

P =conv({n(0,1/2,1) : m € S3}), that is, the convex hull of all points obtained by permuting the
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coordinates of (0,1/2, 1) in every possible way. This polytope coincides with the LP optimal face

of (3.9).

X2
05

X305

i 0 Al

Figure 3.4: A depiction of P = conv({m(0,1/2,1) : 7 € Ss}) (left), SA'(P) = LS'(P) (right,
violet), and LS} (P) (right, gray).

By construction, P is 3-transitive (and hence 2-transitive). In the left figure, one can see the
original polytope. We note that P intersects every 2-dimensional face of [0, 1]3. On the right, we
illustrate SA'(P), LS'(P), and LS} (P). As predicted by Theorem 3.1, when taking k¥ = 1 these
three polytopes are non-empty; however they are not necessarily equal as SA'(P) = LS'(P) C
LS;(P). In Proposition 3.37, we prove that inclusion is strict by exhibiting a point in LSo(P) that
does not belong to SA(P).

On the other hand, since P does not intersect every 1-dimensional face (e.g., the face defined
by #; = 1 and x, = 1 does not intersect P), Theorem 3.1 implies that SA*(P) = LS*(P) =
LS (P) = 0.

3.6.2 Steiner Triple Covering Problems

Starting with the work of Fulkerson, Nemhauser, and Trotter [120], Steiner Triple Covering Prob-
lems (STSs) have been studied computationally by many researchers in Integer Programming [122],
[123], [169], [170]. These covering problems are based on a combinatorial structure known as a

Steiner Triple System on a ground set ). Formally, given a finite set €2, a Steiner Triple System a
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collection B C 2% whose elements, called triples, have cardinality 3, and such that every pair of
elements of () is contained in exactly one triple 7" of B.
In the associated covering formulation, we introduce a binary variable x; for each element i € ().

Without loss of generality, we identify the ground set 2 with [|{2

|, so that the number of variables is
|€2|. Most of the work in the area has focused on two classes of STSs in which |2] is either a power
of 3 or 5 times a power of 3. For n € N, we let STS,, denote the corresponding covering instances
with || = 3™ variables. We now provide a formal description; see [171] for background.

STS; is defined as the following set covering instance

min {17z : zy + a9+ 23 > 1, 2 € {0,1}*}.

For n € N>,, we define STS,, as a function of STS,,_; as follows. We let A,,_; be the constraint
matrix for STS,,_;. We let I,,_; be the identity matrix with 3" ! rows and columns. We let B,, be the
matrix with 3" columns and whose rows are all and only the vectors that satisfy the following: (a)
three entries g, i1, i are equal to 1, and the remaining entries are equal to 0; (b) 3/ + 1 < 1 < 3+t
for j =0,1,2; (c)i; mod 3" assume three different values for j € {0, 1,2}. STS,, is then defined
as the following set covering problem (for the sake of readability, we omit the 0s):

min 172
ze{0,1}m

s.t. A, |z =21

We note that the matrix A, is sparse, with exactly three ones per row. In the construction above,
each row corresponds to a triple of the underlying Steiner Triple System on 2 = [3"]. Moreover, it

is well known, via a simple counting argument, that A,, has 3"(3" — 1)/6 rows [171].
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21(9l1-1)

Lemma 3.32. Every Steiner Triple System over a set Q) with triple set B satisfies |B| = 5

In particular, A,, has 3"(3" — 1) /6 rows.

Proof. We count in two different ways the total number of pairs (i, j) over the ground set 2. We

know that every T' € B contains 3 elements, so each T" has exactly 3 different pairs and these pairs

I

do not belong to any other 7" of B. Therefore, 3 - |B| = #pairs which implies | B| = ==

Example 3.33. STS, is given by the following binary integer program.

min Ty 4x9 +x3 ‘x4 ‘25 +T6 +27 +T3 +T9
z€{0,1}9

Ty +T2 +T3 >1
Ty +x5 +Tg > 1

Ty +xg 19 Z 1

T +24 +x7 >1
T +xs5 +xs Z 1

XT3 +xg +Zg >1

T +x5 +xg >1
T +xg +xg >1
T2 +x4 +x9 >1

T ‘x5 +x7 >1

xT3 —f-l’4 —I—ZEg > ]_

T3 +x5 +z7 >1

An optimal solution to this instance is, e.g., z* = (1,1,0, 1,0, 1,0, 1,0) with objective value 5.

For n € N, the feasible region of the LP relaxation of STS,,, which we denote by P,, is

known to be 2-transitive [172]. It is straightforward to see that it is not 3-transitive. Fix n € N>o.
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By construction, x1 + x5 + x3 > 1 is a valid constraint of STS,,. It is not hard to see that there
exists a feasible solution = for STS,, that sets at least 3 variables to 0. If the feasible region of the
linear programming relaxation of STS,, were 3-transitive, then there would exist a feasible solution

Z such that 2, = 2 = 23 = 0, violating x1 + x5 + x3 > 1.

On the 2-Resistance of STS

We first show that its optimal of the linear programming relaxation of STS,, is a fractional

vertex.
Proposition 3.34. Forn € N, the point %13n is the unique minimizer of the LP relaxation of STS,,.

Proof. By induction on n € N. Base case n = 2. By summing up all the rows of Ag we obtain
the valid inequality 419T x > 12 for the LP, i.e., 19T x > 3, hence the LP bound is lower bounded by
3. Notice that T := g1, is feasible for the LP and it lies on F' := {x € P : 152 = 3}. We show
that dim(F') = 0. To this end, we first show that every row of Agz > 1, is an implicit equality
in I. Indeed, it straightforward to verify that, for any = € F, if z;, + z;, + z;; > 1 for some
for triple {i1, i, i3}, then adding it up with its associated two other triples with disjoint support,
i.e.,on [9]\ {i1, 2,13}, we obtain 1§ z > 3. Since the rank of Ay is 9, we conclude the base case.
For n > 2 arbitrary, we can readily apply the induction hypothesis since Az.-1 is embedded by

construction on As». Clearly, the rows associated to the three diagonal blocks Azn.-1 of As. are

377,71 (3n71_1)

linearly independent and there are 3 - 5

many of them by Lemma 3.32. Therefore, since

3 ) 3n—1(3n—1_1)

5 > 3" for n > 2, we conclude that the optimal LP face of the linear programming

relaxation of STS,, is O-dimensional given by the point %1 3n. [

By Proposition 3.34, applying any hierarchy considered in this work to P, of any hierarchy
improves the optimality gap (even the BCC operator P; for any variable i € [n], since the optimal
LP face is a fully fractional vertex). Consequently, applying Theorem 3.1 to the face P, N {z €
R™ : 172 = 3"/3} is not particularly informative.

We therefore construct a 2-transitive, integer-empty face of a tighter relaxation of STS, that
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satisfies property (A) with & = 1 of Theorem 3.1. This is achieved by adding a non-optimal
objective function cut (i.e., a valid inequality) to the LP relaxation of STS,. A similar argument
applies for larger values of n.

Consider the cut > " | ; > 4, whose intersection with the linear programming relaxation of
STS, defines a face F' that is integer-empty. Since the cut is parallel to the objective, it preserves
the symmetries of F,; hence, by [172], we conclude that F' is 2-transitive. Moreover, because the
cut is non-optimal, /' does not contain integer feasible points.

Thus, we are left to show that " intersects all (n — 1)-dimensional faces of the hypercube. By
symmetry, we only need to consider F; = {z € [0,1]? : ; = i} for i = 0, 1. We then conclude the
argument by observing that

111111
1,0, =, = = = =~ FNF
(07 70727272727272) € N 0

and
( 111111

Therefore, one round of any of the LP hierarchies considered in this work does not suffice
to improve the bound given by the LP relaxation where the cut has been added. STS,, illustrates
how Theorem 3.1 can be employed to give a bound on the number of rounds we need to apply the
hierarchies for, in order to improve the bound given by some LP relaxation of a (symmetric) integer

program.

3.6.3 Parity and Knapsack-Cover

Understanding the strength of hierarchies to prove approximate bounds has attracted significant
attention. In particular, constructing lower bounds is a technically challenging but important task
in order to understand the limitation of such techniques. The Sum-of-Squares (SoS) hierarchy, a
stronger construction than SA, LS, and LS, has been studied extensively in this setting. The starting

point of several of these constructions [128], [139], [173] was given in [127], who showed that
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k = |n/2] rounds of the SoS hierarchy are needed to prove that P = {z € [0,1]" : > | x; = n/2}
is integer-empty when n is odd. Noting that P is S,-invariant, and thus n-transitive, our main
theorem implies directly that the (weaker) Sherali-Adams hierarchy needs exactly k+1 = [n/2] +1
rounds to prove that P is integer-empty. Although this is not a new result, it gives a very simple
proof for this fact and exemplifies the usefulness of our techniques: note that it suffices to find
a vector in the intersection of P with each (n — k)-dimensional face of [0, 1], a straightforward
exercise for this polytope. Moreover, we note that the construction of a feasible point of SA*(P)
we use in the proof of (A)=-(B) in Theorem 3.1 is a strict generalization of the ideas in [127] to
full-dimensional polytopes.

Another application considers the Knapsack-Cover problem (also known as Min-Knapsack).
While the basic linear relaxation of this problem has an unbounded integrality gap, the introduction
of knapsack-cover inequalities reduces this gap to 2. Despite efforts to tighten this relaxation
using hierarchies like Sherali-Adams, Lovasz-Schrijver, and SoS, the integrality gap remains at 2
even after several rounds. We show that our construction generalizes the approach in [174], [175],
offering a simpler method to generate feasible vectors in the Sherali-Adams hierarchy. For a specific

instance, the knapsack-cover linear relaxation yields

In Section 3.9.5, we show that our techniques of Section 3.7 give a direct method for constructing a
solution in x € SA*(P) with value >, z; = 1 + O(k/n), while the optimal integral solution has
value 2, which implies an integrality gap of 2 as long as k is sublinear, k = o(n).

We emphasize that in both constructions our explicit solution is guaranteed to belong to the
Sherali-Adams hierarchy; we leave as an open problem if the same solution belongs to the tighter

SoS hierarchy at the same level.
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Figure 3.5: A geometric representation of P<C in [0, 1]°.

3.6.4 The Cropped Cube

The cropped cubed is a polytope obtained by cropping each vertex of the 0-1 hypercube, given
by
P ={x e 01" : Y, @+ digr(l—x;) > 1/2, forall I C [n]}.

See Figure 3.5. It is straightforward to verify that this polytope is integer-empty and n-transitive.
In [142], [143] is shown that it resists n — 1 rounds of the Lovdsz-Schrijver operator with PSD
constraint, meaning that LS ' (P¢¢) = LS"'(PY) # (). Moreover, in [128] it is shown that
SA™1(PCY) = (). Theorem 3.1 implies directly these results for the operators LS and SA: we only
need to observe that PS¢ intersects every n — 1 dimensional face of [0, 1]". Namely, we need to
verify that for any two disjoint sets Jy, J; C [n] with |Jo U J;| = n — 1, there is a vector x € P¢“
with z; = 0if¢ € Jyand z; = 1 for ¢ € J;. To do so, simply define the only free variable as

x; =1/2,fori € [n]\ (JoU Jy).
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3.7 Main Theorem: LP Hierarchies Collapse under Symmetry

We restate the main theorem of this chapter. We refer the reader to Section 3.6 for examples and

applications.

Theorem 3.35 (Restatement of Theorem 3.1). Let k,n € N such that k < n, and let P C [0, 1]" be

a (k + 1)-transitive integer-empty polytope. Then the following statements are equivalent:
(A) P intersects all of the (n — k)-dimensional faces of the hypercube [0, 1]";
(B) SA*(P) # 0;
(C) LS*(P) # 0;
(D) LS;(P) # 0.

In what follows, we first discuss the assumptions and a consequence of the theorem. Since the
most technically involved part of the proof is the implication (A)=-(B), we then provide a high-level
description of the argument. This overview is intended to improve readability and will also be
useful for establishing other claims, as well as for illustrating a general proof technique. We next
prove the remaining implications. We conclude with an elementary proof of Theorem 3.1 for k£ = 1,

based on a different argument.

3.7.1 Assumptions and Consequences of Theorem 3.1

We illustrate how Theorem 3.1 is tight in two distinct ways and discuss the consequence that
the relaxations SA*(P), LS*(P), LS} (P) are either all nonempty or all empty. This equivalence,
however, does not imply that the relaxations define the same feasible region. The distinction is
made explicit through a concrete example, followed by a discussion of applicability of Theorem 3.1

under k-transitivity.
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Tightness with respect to k-Transitivity First, we claim that we cannot weaken the (k + 1)-

transitivity assumption to k-transitivity. Consider the polytope

P :=conv ({n(1,1/2,0),7(1,1,1/10) : m € C5}) (3.16)

where Cj is the cyclic group acting on the set [3]; see Fig. 3.6. This polytope is 1-transitive but not

2-transitive since (1,1/2,0) € P while (1/2,1,0) ¢ P.
Proposition 3.36. The polytope P (3.16) satisfies LSo(P) # () while SA(P) = LS(P) = 0.

Proof. A description by inequalities of P computed with POLYMAKE [176] is given by

102y + 429 — 223 > 3 (3.17a)
—2x1 4+ 1029 + 4253 > 3 (3.17b)
dry — 229 4+ 1025 > 3 (3.17¢)
221 + 229 + 223 > 3 (3.17d)
—10z7 — 1029 — 1023 > —21 (3.17e)
T1,To,x3 < 1 (3.17%)

We claim that SA(P) = () while LSo(P) # (). To this end, first we show that there exists a uni-
form point (¢,¢,¢) € P that belongs to P, (P), where ¢ must lie in [1/2, 7/10] by inequalities (3.17d)
and (3.17e). Indeed, P;(P) consists of the convex hull of the following vertices: (1,1/2,0),
(1,1,1/10), (1,1/10,1) and (0,1,1/2). We want to show that there exists ¢ € [1/2,7/10] and
S1 A = 1 with \; > 0 for i € [4] such that

t 1 1 1 0
tl=M|1/2|+A | 1 | +X]1/10[+M| 1 |- (3.18)
t 0 1/10 1 1/2

It is straightforward to verify that the solution f = 3/5, A\; = 1/10, Ay = 1/9, A3 = 7/18 and
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Ay = 2/5 satisfies the above constraints. Since the points that define P, (P) and Ps(P) correspond
to a cyclic permutation of the vertices of P, (P), and the system (3.18) is invariant under cyclic row
permutations, we can conclude that (¢, ¢, ¢) belongs to LSy(P).

Finally, we show that SA(P) = (). Consider the following system of inequalities:

—T1 — Ty + T2 > —1

—x1 — T3+ x13 > —1

—T9 — T3+ x93 > —1
112y — 10212 — 10273 > 0
3x1 + 4wy — 223 — 419+ 2013 > 3
—2x1 + 3xo + 4x3 + 20192 — 423 > 3

4.%'1 — 21’2 + 31‘3 — 4,1’173 + 233273 Z 3

These inequalities are obtained by multiplying the original constraints (3.17) by the following terms
and then linearizing: inequalities (3.17f) (with bounds ;1 < land x3 < 1)by 1 — 29 and 1 — x5
for the former, and by 1 — x5 for the latter; inequality (3.17e) by x; inequality (3.17a) by 1 — x1;
inequality (3.17b) by 1 — x5; and inequality (3.17c) by 1 — x3. A Farkas’ certificate of infeasibility
is given by (26, 32, 20,1, 9, 10, 10). O
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Figure 3.6: On the left, the polytope P := conv ({m(1,1/2,0),7(1,1,1/10) : = € C3}) from
Section 3.7.1. On the right, a nonempty subset of LSy(P).

Thus, (B) does not hold, which implies that P is integer-empty, while (D) holds. Therefore, our

assumption on the degree of transitivity cannot be relaxed.

Tightness with respect to Integer-emptiness Observe that we cannot drop the integer-emptyness
assumption, since trivially (B), (C), (D) hold for any polytope with an integer point, irrespectively

of whether (A) holds.

Integer-emptiness Equivalence We emphasize that Theorem 3.1 establishes an equivalence only
with respect to integer-emptiness, and does not imply that the relaxations themselves coincide. In
particular, SA' (P) and LS;(P) may differ (while both being nonempty), even when the hypotheses

of the theorem hold for £ = 1; see Example 3.6.1. We provide a proof of this claim below.

Proposition 3.37. Let P = conv({m(0,1/2,1) : w € S3}). Then SA(P) is nonempty and it is

strictly contained in LSy (P).

Proof. Since P is a 3-transitive integer-empty polytope which intersects all of the 2-dimensional
faces of the cube [0, 1], Theorem (3.1) implies that SA(P) and LSy(P) are nonempty. Next, we
exhibit a point in LSy (P) which does not belong to SA(P). We claim that = := (5/6,1/3,1/3)
belongs to P»(P) = conv(P%'UP?Y). This follows since x = (1/3)(1/2,1,0)+(2/3)(1,0,1/2) €
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P%(P),and z = (1/3)(1/2,0,1) + (2/3)(1,1/2,0) € P3(P). Moreover,

1 1 0

1 1
- - - Pl P
s 0 | F5 2|52 er®)

1/2 0 1

Tr =

On the other hand, we have z cannot be lifted to a solution to M(P) since the following subsystem

is infeasible

—x1 + 2y12 + 2y13 > 0
To — 2Y12 + Y23 2> 0
T3 — 2y13 + Y23 > 0

221 + 229 + 3x3 — 2y13 — 223 > 0

These inequalities are obtained by multiplying the constraints (3.9) by the following terms and
then linearizing: inequalities (3.9d) by x; inequality (3.9¢) by x5; inequality (3.9b) by z3; and
inequality (3.9d) by 1 — 5. Therefore, x ¢ SA(P). O

Applicability under £-Transitivity From a worst-case performance perspective of the LP hierar-
chies considered, Theorem 3.1 explains the poor behavior (i.e., O(n)-resistance) observed in most
instances studied in the literature, as these typically admit a full symmetric group acting on the
variables; see Section 3.6.

A notable exception is [131], where the permutation action on the edge formulation of the
Maximum Matching problem is not even 2-transitive (it is only 1-transitive), and therefore our
framework does not apply directly; see Section 3.3. This suggests that additional mechanisms are
responsible for the observed behavior in that setting, and motivates to interesting open questions;
see Section 3.10. The approach in [131] relies on problem-specific symmetry arguments, whereas

our approach is structural and general.
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Furthermore, Theorem 3.27 shows that k-transitive permutation groups are highly restricted
for £ > 6. Consequently, the assumptions of Theorem 3.1 hold only in a limited class of highly
symmetric settings. This highlights both the strength and the limitations of our result: it provides a
unifying explanation for a broad class of symmetric instances, while inherently applying only to

problems exhibiting sufficiently strong symmetry.

3.7.2 A High-Level Description of the Proof of (A) = (B)

Assume that (A) holds. Let P be a polytope with G < G(P) and G (k + 1)-transitive. We
apply Theorem 3.9 with d = k. Thus, we want to exhibit a point 7 in M*(P), and show that, for
every S C [n] with |S| = F, it can be supported by the points z7/t(37) € M°(P) as in Theorem 3.9.
However, our construction will proceed in reverse: we build the supporting points first and then

show that they satisfy (3.3) and (3.4) for some . In particular, we perform the following steps.

1. Construction of points from M°(P). By leveraging the (k + 1)-transitivity of P, for every S C [n)]
with |S| = k and Jy U J; = S, we first construct “highly symmetric” points, i.e., points 27/t € P
such that, for any 5" C [n] with |S"| = k and J} U J| with |J;| = |.J!|, we have 70/t = 72771 for
some 7 € G. By definition, (1, z70/1) € M°(P).

2. System of constraints defining y. Note that any point ¥ that satisfies (3.3) and (3.4) with respect
to our constructed vectors z70/1 := (1, 270+/1) is guaranteed to belong to M*(P). Imposing these
conditions leads to a system of equations whose variables are the coordinates of y. This system
appears to be highly complex and non-tractable. However, because of the symmetric structure
of 27071 we look for solutions 7 that are highly symmetric. Indeed, for every I, J C [n] with
|I| =|J| < k+1landevery JoUJ, =S, JiUJ, =S with [J;| = |J{] and |S| = |S’| = k, we

impose the following conditions:

C-D Yy =95 =1

(C2) gt =7 = Ay

Conditions (C-1) and (C-2) above lead to a (much smaller) system in the variables v and A, which
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have k£ + 1 components each. Thus, we are left to show that this system has a solution. This is the

most technical part of the proof, divided into two steps.
3. Solution to the system defining 7. We first consider a subsystem of linear equalities in the variables
~ only, and show that the corresponding constraint matrix is invertible.

4. Solution to the general system. Based on the previous step, we give an explicit formula for 7 and

A, and proceed to show that they satisfy all constraints of the system in -y and ) defined in Step 2.

3.7.3 Proof of (A) = (B)

We now present full details of the proof (A) = (B) by following the steps outlined in the

previous section.

1. Construction of points from M°(P). For ¢ € {0, ..., k}, define
Pr=Pn{xel0,1]" : z; =1foralli € [{],z; = 0forall j € [k] \ [¢]}, (3.20)

and observe that it is nonempty because of Assumption (A). Thus, let 2° € P,. Recall that G (k] 18 the
pointwise stabilizer of [k]. Observe that P, is G-invariant. Moreover, since G is (k + 1)-transitive,
by Proposition 3.12, G}y is transitive on [n] \ [k]. Therefore, by applying Proposition 3.11 to z*

with G and P, we obtain

' = oy () = (1,...,1,0,...,0,A,...,Ay) € P, (3.21)
Y T %
for some A, € [0, 1]. Define A :== (Ao, ..., Ax) € [0,1]*" and observe that A € (0,1)*! since
P is integer-empty.
Next, let S C [n] with |S| = k and consider an arbitrary 2-partition Jy LI J; = S such that
|J1| = ¢. By definition, the point Z* has ¢ ones in entries indexed by [¢] and zeros in entries indexed
by [k] \ [¢]. Since G is (k + 1)-transitive and G < G(P), there exists some permutation 7 € G and

some point 770/t € P such that 7 maps: all of the ones in positions [¢] of Z* to entries indexed by
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Jy of /071, all of the zeros in positions [k] \ [¢] to entries indexed by Jy; and the fractional A,’s in

positions [n] \ [k] to entries indexed by [n] \ S. In other words,

0 ifie.Jp,

T = ()i =1 fie J, (3.22)

A, ifien]\S.

\

By definition of M°(P), we immediately deduce the following.

Lemma 3.38. For each S C [n] with |S| = k and 2-partition Jo U J, = S, we have (1,77071) €

M(P).

2. System of constraints defining 7. We next give sufficient conditions for the existence of
7 € MY(P).
Fort € Nand © = (Qy,...,0;) € R, we let Ay € RFD*I+D) with rows indices in

{0,...,t} and column indices in {1, ..., ¢+ 1} be defined as follows:

(DL + (el ife <,
(AQ)er = —0, if 0 =r, (3.23)

0 it >r.

See Example 3.42 for an illustration of the matrix Af,.
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Lemma 3.39. Consider the following system in the variables ~, . . .

JVer1 ER Aoy, A €ER

AZ’Y = A0(17 07 ) 0)7 (3243.)
Lk
1= <€) Ao, (3.24b)
=0
k-1
n=> (e B 1)Ae, (3.24¢)
=1
Lk
n=y ( g) A, (3.24d)
=0
= ko
Ao = (—1)T( )%M Ve e {0,1,...,k}, (3.24e)
r=0
where we abbreviate \ = (Ao, ..., \x) and v = (1,...,Vk+1). Suppose the system admits a

solution (¥,,7, \) strictly positive in all components.

Then, j € MF(P), where

Yy ="y foralll C[n], with|[I| <k+1

(3.25)

The following lemma is an auxiliary result for the proof of Lemma 3.39. We then proceed with

that proof.

Lemma 3.40. Let d € Z>y and y € [0,1](;). For every I C [n] with |I| < 1, S C [n] of

cardinality d, every 2-partition Jy LI J, = S, and every j € Jy, we have

> )My gy = 0.

HCJy
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Proof. We have

Z <_1)|H‘yJ1u{j}uH

HCJy

= > EOynogon+ Y0 D lynogion
HCJoy:jeH HCJo:j¢H

= Y 0y e+ Y ()Pl = 0. O
HCJy:j¢H HCJy:j¢H

Proof of Lemma 3.39. Let (7,,7,A) be a solution to the system (3.24a)—(3.24f) that is strictly
positive in all components and sety; = 7, forall I C [n], [I| < k+1. Observe thaty € |0, 1](9?“).

For a 2-partition Jy LI J; of S with |S| = k, let 77>/t and 27071 (%) be as in (3.3). To show that
Yy e Mk(P), it suffices to verify that the conditions from Theorem 3.9 hold. In other words, (i)
z01(77) € M°(P) for every 2-partition Jo L J; = S, and (i) J; = > 5 s Ty 27" (7) for
every I C [n] with |[I| < 1.

Observe that, for |J;| = ¢, we have

k—¢
) ) (k-0 -
yéo,Jl _ E (_1)|H|leuH — E (_1) ( . )7r+ﬁ = )\g > 0, (3.26)
HCJo r=0

where the first equality holds by definition of yél o1 the second by definition of 7, the third by (3.24e),
and the inequality by the fact that A, > 0 by hypothesis. Thus, z;°"(3) = 77> /ygo"’l for all
ORIES!

We first show that condition (i) holds for 2-partitions of the form J, = [k] \ [¢], J1 = [{] for
¢ € {0,...,k}. We abbreviate z/(7) := F\AH(g) and ¢ := KN,

We show (i) by verifying that /() = (1,z%) for every £ € {0, ..., k}. The statement follows
by Lemma 3.38. Let I C [n] with |I| < 1. For I = (), then z%() = 1 by definition. Thus, let

I = {j}. To compute z£(7), observe that for j € [¢] we can write

7, = Z (=" Gyogyom = Z (=)™ 000 = Tp,
HC[E\[] HCIK]\[€]
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where the last equality follows by definition of yg in (3.3). Thus, zf () = yé [T = 1= fﬁ, as
required. Suppose now j € [k] \ [¢]. Then j € Jy. Since we know that 7 € [0, 1](9?“), we can

apply Lemma 3.40 and obtain

o, T _
?/jo t= Z (_1)|H|yJ1u{j}uH =0.
HCJy

Hence, we conclude that z£(y7) = 0 = 7%, as required.
Last, let j ¢ [k]. We want to show that Z§ = T{. Notice that z = 7/} /7§ = 7/} /A, where the last

equation follows by (3.26). In turn, Tj = Ay by definition. Since

k—t
_ _ k—1¢
v, = Z (D" oo = Z(—l) < . >7r+z+1a

HC[K\[] r=0

4
yh . )
we have that $* = 7 is equivalent to
¥4

L)1

k— k—¢
k—1¢ _ k—1¢ r—
( r >(_1)TW+1+7« =4 Z ( , >(_1) Vegr
r=0

r=0

k—(
k—¢ k=1t r —
< r > (1) Teqr4r + Z < >Aé D™ T = A,

(k=1 k—1¢ . .
— ,«:0(_1) {( . )+ (T+1>A4 7£+1+r:A£’Y£

— k—t k—¢
o = 1 \+r—1 - - = _
<~ Amg + E ( 1) |:(7“ _ 1) + (r _ E) Ag:| Yy = 0 (3.27)

r=0+1

!
el

T
~ O

where the penultimate equivalence follows by a change of index variables ' = r 4 1 in the second
sum at the LHS. Equation (3.27) is then implied by (3.24a), (3.24¢), (3.23) and 7, = 1. This
concludes the proof that z* = (1,7"). Since P is G-invariant, we deduce that 270/t = (1, z70:/1)
forall S C [n], |S| = k, and Jy U J; = S. Hence, (i) holds.

—Jo 1

To show (ii), recall the we observed in (3.26) that = X| 5, for every 2-partition J, LI J; of

S C [n] with |S| = k. Let I = {j} € [n]. Recall that we also just observed that zJO () = f‘fo 7
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If j ¢ S, then

2 WA= 3 wmE

JoJ1=S8 JoUJ1 =8
= > AnAy by (3.21) and (3.26)
JouJ1=S
k
JANE
= Z (€> Ay
=0
=71 =Y; by (3.24d) and (3.25).

If conversely j € S, we have

2 WA= 3w

JouJ1=S JoJ1 =S
_ —Jo,J1=Jo,J1 —Jo,J1=Jo,J1
= E Yp =T+ E : Yo %
JouJ1=S:j€Jo JouJ1=S:j€J1
= Y by (3.21)

JouJ1=S:j€J1

|
]~
VR
~ R
I
— =
~~
>l

=5, =7 by (3.24c¢) and (3.25).

To conclude that (ii) holds, let I = () and observe

Jo,J1 Jo,J —Jo,J
Z Yoz (y) = Z Yo

JouJ1=S JouJ1=S
- Y A by (3.26)
JoUJ1=S
- (1)
(=0 ¢ ‘
=1 by (3.24b).
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3. Solution to the system defining 7. We are left to show the existence of a solution to the system
from Lemma 3.39. To achieve that, we give in Lemma 3.44 an explicit formula for the determinant
of A%. Recall that this is the constraint matrix of system (3.24a) that uniquely defines 7. To prove

this formula, we start with some intermediate steps. For a vector © = (O, ...,0;) € (0,1)", we

Lemma 3.41. Lett € Nand © = (Oy,...,0,) € (0,1)'"'. The determinant of Al can be
decomposed as

det A = Opdet AG ' o + (1 —6,)det AG' o . (3.28)

----------

The idea of the proof of Lemma 3.41 is to transform A} via elementary column operations
into another matrix Bf for which we deduce the relation (3.28). As det AY, = det Bg, for all
t', ©’, the relation (3.28) also holds for A,. Fort € Nand © = (0O,,...,0,) € R’, we define

.....

follows: its r-th column is given by

t

(BE).r =Y (Ab).

j=r

Example 3.42. We next illustrate matrices A and B, with some examples. We can write A%%,@l

and transform it into B, ¢, as follows:

1—|'®0 -1 @0 -1

1 _ _ 1
Agp0, = = Bg, 0,

. Dy
—0, 1 adding 2 to 1 1-0, 1
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Similarly, letting © = (O, ©1, O3), we have,

14200 —2—-0¢ 1 S —2—-0g 1

A = —o, 1+06;, -1 0 1+0, -1

A
adding 2,3 to 1
0 —09 1 1— 09 -0y 1

CH) -1-69 1

- 1| =B2.

adding 3 to 2 1 1 ©
1-0y 1-0y 1

Claim 3.43. For ¢ € {0,...,t}andr € {1,...,t + 1}, entry (¢, 7) of BY is given by

(

(=D [(Zm) + (D0)ed ife<r<t,

(BL), = 1—-06, if ¢ =tandr <t, (3.29)
(—1)cHt if¢<tandr=t+1,
0 ow.(if ¢ >1r, 0 <)

\

Proof. We will use the following binomial identities (see e.g. [177]):

i(—nj (t> =0, (3.30)

e J
ir(—l)j G) = (=1) (;: jll) (3.31)

Row ¢ = t and column r = ¢ + 1. By definition (Bf).++1 = (Af).++1, and this agrees with
formula (3.29) since (A4)y41 = (=1)" for ¢ € {0,...,t}. Next, we check the entries of row
¢ =t of B for columns r € {0, ...,t}. Since the only nonzeros in row ¢ = t of AL are —O, and

(—1)"**, atentries (¢,t) and (¢, ¢+ 1), respectively, it holds that (Bg);, = 1 — 0, forr € {1,...,t}.
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Lower triangular part of B5. We check (BE)¢, = 0 for 1 <r < ¢ < t. Indeed,

(Bb)er = =61+ i: (= Ky :f 1) i C :i) @f]

j=t+1
R S (et I U o
o+ tjé(—n”ﬂ' G i(—lf”f"l ("o

_ 0,4 (_1)2ei(_1)j (t ; E) (1) f_i(_1)j (t ; E) Oy
e+ () (—@z e () @e) =0,

where in the last two equalities we used the identity (3.30).

Diagonal and upper triangular part of B;. Let0 < ¢ < r < t. Using (3.31), we have:

=30 [(150) + ()

- <:1>2f 1;1(—1)]' (") + o ';(—nﬂ‘ ("71)e

= e (T ) o (LT e

-0 (20 05)+ (o]

Notice, in particular, that (BS)rei1 = (=12 [("7") + (77571 Oc] = O,

Proof of Lemma 3.41. 1t suffices to prove (3.28) for BE. To this end, we expand the determinant

along the first column of Bg. This column has exactly two nonzeros, ©g and 1 — O, in row 0 and ¢
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respectively, so we obtain
det B = Ogdet BG ! o, + (—1)"(1 — ©;) det C,

where C' is the matrix obtained by removing the first column and the last row of Bg. We claim that
det C' = (—1)"det Ag(i...,@m' Indeed, observe that C'is the ¢ x ¢ matrix obtained by removing the
first column and the last row of B, and every nonzero entry in this submatrix has the opposite
sign of the corresponding entries in AtG_o{...,@tff Since det Agof_.’@til = det Bgo}._.79t71, by the

multilinearity of the determinant, we can conclude that

det B = ©g det Bgl,l...,@t + (1 — Oy) det Bt@},l...,et,l-

For t € N and a vector © = (O, ...,0;) € (0,1)", we define

t t

(;) i:[:@j 1] a-e. (3.32)

Wl =
r j=r+1

—0
and observe that wg, is strictly positive. Equivalently, we write wg = wg, o,
Lemma 3.44. Lett € Nand © = (O, ...,0,) € (0,1)""'. The determinant of Al is equal to w,.

Proof. We use the decomposition (3.28) and show the claim by induction on ¢. The case t = 1

easily follows since
W(lao’el - (1 - @1) + @0 - det Al@o,el'

Next, suppose that wj,' = det AL,' for © € (0,1)* arbitrary. Using (3.28) and our induction

178



hypothesis, we have

----------

= Oywe, . . +(1-0)ws, 6,
t—1 t—1 1 r—1 t—1

= Oy o+ (1-6) (Hu e+ X (" e T a- @»)
j=1 r=1 7=0 j=r+1

7j=1 r=1 j=1 j=r+1
t
= H(l _@])
j=1
t—1 r—1 t t—1
t—1 t—1 t—1
+@0<ZKT_1>+< . )} @J‘HQ @])+<t_1)' @])
=1 7j=1 j=r+1 J=1

(%) = ﬁ(l —0,)+ 6, (; <T> H@J f[ ))

where in (*) we used (ﬁj) + (t_l) = (1). N

T s

4. Solution to the general system. We next define a vector (¥,,7, \) € R?**3 and show that it
satisfies all constraints of Lemma 3.39.

For ¢ € {0, ..., k}, define

1 k
A=A I] -2 (3.33)

=0 i=0+1
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For i € [k + 1], we define

Ay ifi=~F+1

These scalars are well-defined since ng a, > 0. Then define 7y € R* 1 as

~~~~~
=~ 7

Vi = PaYi-1

fori € [k + 1] and 7, := 1.

(3.34)

(3.35)

Constraints (3.24f). X € (0,1)**! immediately from A € (0,1)**! and the definition of M.

7o = 1 follows by definition. Last, we prove that 5 € (0, 1]**!. Fori € {0, ..., k} we can rewrite

7Y; as
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Using (3.32), we write

WZ:,(l;.l‘?Ak = k_(i_l) <k - <i - 1)) r'_l Ajiia f[ (1 —Ajti-1)
SN () 01 % | KBRS
_ ﬁ(l —Ay) +i (’:: ((j B 3 iiA] .:11(1 Ay
_ li[iu —A)) +é ((]; - 2) + (T _’f(z—_l y ) ﬁlAJ ':Tﬁlu —A;)

7777

i k—(i—1)

where E/(A) is strictly positive. Thus, 0 < Ai—MZ: A <Wa,,

A, and therefore plx € (0,1).

--------

Consequently, in view of (3.35), and 7, = 1, we deduce that ¥ € (0, 1)**1,
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Constraints (3.24a). We first show the following.

Lemma 3.45. Fori € {0, ...k}, the determinant OfAZ:i..7Ak can be written as
- k—1 k—i r—1
r+i - — b (r1)
;(_1) |:(T - Z) * (’r —1 + 1) AZ:| ]UZ AJ+1 det AAT+1 ..... Ap* (3.37)

-----

-----

{i,...,k} and columns {i + 1, ...,k + 1}, it suffices, without loss of generality, to consider the
case i = 0. Let € {1,...,k} and let A*" be the (k + 1 — r) x (k 4+ 1 — ) submatrix of A%
obtained by deleting rows 1 through r and columns 1 through r (recall that {1, ...,k + 1} is the set
of column indices of A% and {0, ..., k} is the set of row indices of A%). We claim that the matrix
A*=" has only two nonzero entries in its first column (as does A’Z). Indeed, first, observe that AkA
has the nonzero subdiagonal (—Ay, ..., —Ay) lying below its main diagonal. Moroeover, after
deleting columns 1 through 7, the first column of the resulting submatrix contains r + 2 consecutive
nonzeros, followed by zeros. Removing rows 1 through 7 then leaves exactly two nonzero entries in

the first column of A" (see Figure 3.7).

Figure 3.7: Schematic representation of A’, with the entries in bold corresponding to the surviving
A? submatrix after deleting rows 1-2 and columns 1-2.
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Therefore, the Laplace expansion along the first column of A% and Ak=r yields:

det AKX = [(g) (k) Ao] det AK' A+ Ardet AP (3.38)
- k k -
k—r __ r k—(r+1)
det A" = (—-1) {(r) + <7° N 1) Ao} det Ax [\ A,
+ A,y det AROFD, (3.39)
By repeated substitution of det AF=" in (3.38), the claimed formula follows. 0

-----

VAV [T, A & Nk —1

=077 k—i Jj=0 "7 r+i k (T+1
=T = SN (1 + ||A

Z JAV IR Ag Z ( ) |i(7, Z) (7, Z 1) :| ]+1 Ar+1 .....

By applying (3.36) to both sides, we deduce,
Z’“ k—i k—i
Ai_' = —1 Tt A,L ~

=1

thus showing that the ¢-th constraint from (3.24a) is satisfied.
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Constraints (3.24d). We have

"k
wh <T)XTAT (3.40)
r=0
k k r k
- (7‘ A H (1—4;)
r=0 7=0 j=r+1

T 7=0 j=r+1 j=1
k k—1
+ AO (k) H A]-i—l
j=0
k—1 k . 1 r—1 k
— Ay 3 (T ) 1) HA]-H l‘[ (1—A)) (3.41)
r= 7=0 Jj=r+1
—1 r—1 k
E—1
+ 00> ( . ) T2 J] a-2) (3.42)
r=1 7=0 Jj=r+1
k—1\ o k—1\
+A0( 0 )j]:[zu—Aj) —AoAl( 0 )jl;[z(l—Aj) (3.43)
E—1\
0 (k - 1) g Bant G40

(3.42) can be expanded as

k

Aog ((kzl)g%ﬂ IT a-2)

Jj=r+2

I{Z 1 r—1 k
_AM( . )HAj+1 I] @ —Aj)> . (3.45)
j=0

Jj=r+2
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Then (3.40) equals (3.43)+ (3.41)+ (3.45)+ (3.44), which can be written as

E—1 k E—1 k k—1 k
< 0 )H(l—Ag‘)—Al( 0 )H(l—Aj)+ <T1> HAJ-H IT a-24)
j=2 =2 r=1 Jj=r+1
(3.43)/ Ag (3.41)/Ag
k—1 E— r—1 k k—1 E—1 r—1 k
+Z( >H e ¢ Aj)—ZArH( . )HAj+1 IT a-2)
r=1 7=0 Jj=r+2 r=1 7=0 Jj=r+2
(3.45)/ Ao
k—1
k—1
(k - 1) IEVE
=0
(344)/Ag
-1 k k E—1 r—1 k
= Ao Z< )HAJJrl 11 1AJ)+Z(T_1)HAJ+1 I] a-a)
r=0 Jj=r+2 r=1 7=0 Jj=r+1

S ()Tl T 0],

j=r+2

where in the last equation we used

E—1 k k—1 E—1 r—1 k
( 0 )H(l—Aj)+Z( . )HAj+1H(1_Aj)
j=2 r=1 7=0 Jj=r+2
k—1 r—1 k
kE—1
- < r ) HAjJrl H (1-4y),
r=0 7=0 Jj=r+2

and

r=1 §=0 j=r+1 J=0
k E_1 r—1 k
- (17 A T a-a,
r=1 7=0 Jj=r+1
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and

k

_Al(k81>ﬁ(l_Aj)_l:iéAr-l—l(k;l)EAj—'—l [T a-a)

j=2 j=r+2
k—1 E—1 r—1 k
:_Z( )AH—IHAH—l IT a-a).
r=0 r j=0 j=r+2

By doing a change of index variables " = r — 1 in the second summand from (3.46), we have that

the second and third summands cancel out. Therefore (3.40) equals to

.....

where last equation follows by definition (3.36) of 7.

Constraints (3.24b), (3.24c), and (3.24e). These constraints can be written compactly as follows:

Ao Yo
A

Hloge | (3.47)
Ak Vi
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where Q¥ is the (k + 1) x (k + 1) inverse Pascal upper-triangular matrix defined as

(- (5 ife<r
Qf, = (3.48)
0 0.W.

for ¢, € {0,...,k}. Indeed, row ¢ at the RHS of (3.47) corresponds to

Z QIZTVT = Z(_l)EJrT (T _ 8) 77"
r=0 r=0

- iij(—w(’“ ~ e

= M\

where the last equality follows by (3.24e). We make use of the following lemma.

Proposition 3.46. The matrix Q" is invertible and its inverse is given by the matrix P* defined as

(k_z) ift <r

Pk = r=t (3.49)

0 oW.

fort,r €{0,... k}.

Proof. This fact is implicit in the literature, but we give a proof here for completeness. Let

¢,r €{0,...,k}. We show that

( i k) 1 iflé=r,
PQ by =
0 iflF#r.
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First, notice that the (¢, 7) entry of P*QF is given by

S )er ()

where the next to last equality follows by the binomial identity (¢) (*) = (%) (¢-¢) for integers a, b, c,

see e.g. [177]. If £ = r, then we have that (P*Q),, equals (—1)“**(*;*) (J) = 1. On the other
hand, if £ < r, then the identity (3.31) implies that (Pka) ¢ €quals 0, and if £ > r, the same holds

since (*77) = 0. O

The latter proposition and (3.47) imply that there is a biunivocal relation between (A, . .., \z) and

(70, - - -, Y& )- Therefore, the following system is equivalent to (3.47):

Yo Ao

A
o pe | (3.50)
Vi Ak

Next, we verify that (5,,7,,...,7%,) and (Ao, A1, ..., \x) defined as in (3.36) and (3.33) sat-
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isfy (3.50). Indeed, for row ¢ € {0, ..., k} we have

k k
_ b —p\—
¥, = § P = § j (T _€> A\ (3.51)
r=0

where the last statement follows by Definition (3.32). In consequence, (3.50) is satisfied by
Fos 715 - --»7s) and (Ao, Ar, . .., A). This verifies (3.24b) and (3.24c) by looking at rows £ = 0
and ¢ = 1 in (3.50), respectively. At last, (3.24e) is verified by (3.47).

3.7.4 Remaining Proofs for Theorem 3.1

We note that (B) implies (C) and (C) implies (D) are well-known facts, see, e.g., [145], [148].
We show that (D) implies (A).
Suppose therefore that LS{(P) is nonempty and let G' be a (k + 1)-transitive subgroup of G(P).

We make use of the following auxiliary lemmas.

Lemma 3.47. Let j € [k| and i € [n]. Then
LS)(P)N{z e R" : z; € {0,1}} = LSy (Lsg‘l(P) N{z eR" : z; € {0, 1}}) . (3.52)

Moreover, if = € LS} (P) and x; € (0, 1), then there exists z"', 2 € LS} (P) such that =" = 1

and x*° = 0.

Proof. See, e.g., [142, Lemma 2.2] for a proof of (3.52). The second statement follows by the
definition of membership in LS} (P). [
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Lemma 3.48. Let j € [k] and i € [n]. Suppose that P is (k + 1)-transitive and that there exists
x € LSET(P) such that x; € (0,1). Then for every subset J C [n) withi € J and |J| = j, there
exists ', 20 € LSE I (P) such that: a) z' = 1 and ° = 0; b) 25" = 22" and z° = 220 for all

lren]\ J.

Proof. By Lemma 3.47 we have that there exists !, 7* € LS*7J(P) such that a) holds. Next,
since P is (k 4 1)-transitive, there exists a (k + 1)-transitive group G under which P is G-invariant.
By Proposition 3.26 the polytope LSIS_j (P) is G-invariant as well. This implies that the pointwise
stabilizer of J, GG, is transitive on the set of indices [n] \ J, by Proposition 3.12. Therefore, we
have that 2! == fg, (i) and 20 = Bg,(#"!) belong to LS; ’(P) by the first statement of
Proposition 3.11. Since G; fixes the indices in .J, we deduce that a) holds for 2!, 2%, The second

statement of Proposition 3.11 implies that 2!, 2*? also satisfy b). O

Let z € LSE(P) and consider T := SBg(z). Since P is integer-empty, we deduce that T is
fractional in all components. By Proposition 3.26, LSE(P) is G-invariant, hence 7 € LS{(P). Pick
i = 1 and apply Lemma 3.48 as to obtain points ! and 2''* € LSE™!(P). Let G, be the subgroup
of (G that fixes the first coordinate. Using again the fact that P is integer-empty, we deduce that
all coordinates of 7! := (g, (z'+!) are fractional, except the first that is equal to 1. Similarly, all
coordinates of T'° := S, (2') are fractional, except the first that is equal to 0. Since LS* ™ (P)
is G-invariant by Proposition 3.26, we have 7"°, 7' € LS*~!(P). Iterating, for all j € [k] and

vectors ¢ € {0,1} we obtain points 7%, Z7 ..., 7¢" such that
o 7 c LS, /(P);
. fgj — ¢ for all £ € [j].

In particular, for all binary k-tuples ¢, we obtain a point 7¢ € LS)(P) = P with 7} = ¢, for all

¢ € [k]. Now fix a (n — k)-dimensional face F' of [0, 1]", defined as:
F = {ZL‘ € [0,1]” cxy=1Vie Sy x; =0Vi € S[)}
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Letq € {0,1}* suchthat ¢y = g = - -+ = qis;) = 1 and qjg,1+1 = ¢y +2 = -+ = ¢ = 0. Since
G is (k + 1)-transitive, there exists 7 € G that maps 77 to a point of 7z € F. In particular,

mx? € F'N P, as required.

3.7.5 An Elementary Proof for 2-Transitive Polytopes

We present an elementary proof of Theorem 3.1 for k = 1.

Proposition 3.49. Let P C [0, 1] be 2-transitive polytope. If there exists some i € [n| for which

the faces P*' and P*° are nonempty, then LSy(P) # (.

Proof. We assume that P does not have integral points, else the statement is trivially true. Addi-
tionally, we assume, without loss of generality, that the points 2! and z° of P are such that x% =1
and 2 = 0. Let F; == conv({gz! : g € G1}) and F}) == conv({gz" : g € G1}). These sets are
contained in P! = PN{x € R" : z; =1} and P = PN {z € R" : x; = 0}, respectively,
since (31 is the subgroup of GG which fixes the first coordinate. Therefore, F; and Fj are contained
in P,(P).

Since (G is transitive on the coordinates {2, ...,n} and F and Fj are (n — 1)-dimensional, the

corresponding fixed points under (G; are given by

1 ifj=1 0 ifj=1

7l — . 2= .
Izt £ s f £ 1

Clearly x; > 0 for j # 1 since P! # {).
Next, we show that there exists A* € [0, 1] such that A*Z' + (1 — A*)z° = A*e. Indeed, let
M\ = % First, we note that \* is a well-defined, and non-negative, real number since

n — ([|z']1 = [|z°1) = n — ||z'||; > 0 given that z' € [0,1]" and e ¢ P. Moreover, \* is less or
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equal than 1 since

[El

n—= (=t = l1=°ll1)

<1 <= |2 <n— (=" = [2°])

= ||z < n.

We check whether )\*fjl- +(1- )\*)f‘; = A\* holds for every j € [n]. If j = 1 this is trivially true. If
j # 1, then

*—1 *\=50 _ y* =0 __ y* —1 —0
NT;+ (1= =\ <= T; =\(1-7; +7))

1%l _ ((n D —llzth+1+ Hffr°||1>

n—1

= 2%l =X (n = (2"l = [|2°]1)).

In other words, A*e € P;(P). Since our previous argument holds analogously for any i € [n]
because: (1) G acts transitively on [n] therefore the faces P! and P*° are nonempty for every
i € [n]; and (2) G} acts transitively on the set [n] \ {i¢} of n — 1 coordinates, i.e., our choice of A* is
independent of which coordinate of 2! and 2° we picked, we have that A*e belongs to P;(P) for

every i € [n]. O

Proposition 3.50. Ler P C [0, 1]™ be a 2-transitive polytope such that 0, e ¢ P. Then LSy(P) # ()
if and only if there exists i € [n] such that P*', P*0 &£ ().

Proof. Sufficiency follows by Proposition 3.49. We prove necessity by showing that the contra-
positive is true. Suppose that for every i € [n] it holds that either (inclusive) P>! = () or P9 = ().
Given that G is transitive there are three possible cases. Case (1): If Pl = () for some i € [n],
then it must be empty for every i € [n]. Indeed, if this were not the case and for some ' € [n],
P! £ (), there would exist a g € G and z € P such that z; = 1 and (gx); = 1. Therefore,
LSo(P) C N2, P*® C {0}. Since we assumed that 0 ¢ P, then LSy(P) = (). Case (2): By an
analogous argument, if P*0 = () for some i € [n], then it must be empty for every i € [n], hence

LSo(P) C N, P>! C {e}. Given that ¢ ¢ P, we have that LSy(P) = (). Case (3): for every
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i € [n], P"' = P“0 = (). In this case it is clear that LSy(P) must be empty.

]

Theorem 3.51. Let P C [0, 1]" be a 2-transitive polytope such that 0,e ¢ P. The following are

equivalent:
(a) P intersects all the facets of the hypercube.
(b) SA(P) # 0;
(c) LS(P) # 0;
(d) LSo(P) # 0.

Proof. The statement (b) if and only (c) follows by definition. The equivalence between (c) and
(d) follows by Proposition 3.52. We next show that if P is transitive, then the statement that there
exists some 7 € [n] for which the faces P! and P*“° are nonempty is equivalent to P intersects all
the facets of P. Indeed, if there exists z', 2° € P such that z} = 1 and 2 = 0, then for any j € [n]
there exists some permutations g;, g € G(P) such that (g;(x')); = 1 and (g1(«°)); = 0. In other

words, P?! and P7° are nonempty. Therefore, by Propositions 3.49 and 3.50 (a) is equivalent to

(d). ]

3.8 Extending the Main Theorem: Beyond Polyhedral Hierarchies

We extend Theorem 3.1 to a non-polyhedral hierarchy. This extension requires an stronger

assumption on P, namely that P is not full-dimensional.

3.8.1 Lovasz—Schrijver Operator LS, with PSD constraint

In this subsection we show that if P C [0, 1| is an integer-empty (k + 1)-transitive polytope
with dim P < n—1, then LS"(P) # () if and only if LS® (P) # (). We start with an alternative proof
of Theorem 3.1 for LSy and LS with £ = 1 to illustrate that lifting matrices can be symmetrized,

and then proceed with a technical lemma.
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Let Y € R™+)x(+1) be a matrix with row and column indices in {0, 1,...,n}. Recall the
action (3.8) of G on any lifting matrix Y defined by (7Y"); ; := Y15y »1(j) for i, j € {0,1,...,n}
and 7 € G with 7(0) := 0.

Proposition 3.52. Let P C [0, 1| be a 2-transitive polytope. Then
LSy(P) # 0 <= LS(P) #0. (3.53)

Proof. Sufficiency follows by definition, therefore we prove necessity. Let G be a 2-transitive
group under which P is invariant. Let x € fixg(P) NLSo(P) and let Y € RM™+Dx(+1) gyuch that
Ye;,Y(eo—e) € K(P),and Yey = Y ey = diag(Y) = (1,2)". We show that Z belongs to
LS(P) by exhibiting a symmetric matrix Y that satisfies the above properties satisfied by Y.

We define Y € R+DX(+1) by Vi, = V), and Yo = Yy for £ € [n] and

— 1 1
Yij= 1G] Z@ Y) = €] Z Yo-1().971 ) (3.54)

geG geqG

for alli,j € [n]. We show that Y, ; = Y;, for every pair i, j € [n]. Indeed, since G is 2-transitive,

then there exists » € G such that h(i) = j and h(j) = i, hence

— 1
Yij= € > Y thg 1) h-the) 1 ()
geh—1G
1
=il > Yorm-ran-ng) 7= hy
| | reG
1 . RN _ ) N _ )
=a Zle(j)’,ﬁl(i) since (h~'r)~1(i) = r*h(3), (R 'r) 71 (4) = rh(j)
| | reG
== 7]"1'.

Next, we have that Yey = Y ' eg = diag(Y') = (1, ) clearly holds since gz = x for all g € G.
Finally, we show that Y satisfies Ye;, Y (eg — ¢;) € K(P) for all i € [n]. Indeed, for any g € G,

g - Y is the lifting associated to gz, hence (gY )e;, (gY)(eq — €;) € K(P). Since K(P) is a cone,
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we conclude that x € fixg(P) N LS(P). Therefore, by propositions 3.26 and 3.21 the claim

follows. u

Lemma 3.53. Let P C [0, 1]" be a (k+1)-transitive polytope with dim(P) < n—1. LetT € LSE(P)
and integers ki, ko such that ky + ky < k andn := n — (k1 + ko). By inducing the first ky variables
to 0 and the next ky variables to 1, we obtain the following lifting matrix Y associated to some

x' € LS} (P) given by

T
1 01><k1 11><k2 YEixn

Okx1 O Okixts O
Y - k1x1 k1 xk1 k1 xko k1 % ’ Z — f}/[ﬁ_i— U(eﬁxﬁ _ [ﬁ)

1k2><1 OkQXkl 1]{:2><k2 'Yekgxﬁ

Yerx1  Omxk  Vemxks Z

for some v,0 € [0,1].

Proof. By Propositions 3.21 and 3.26 we can take T = ae, for some « € [0, 1], in LSE(P)Nfixg(P).

Given that P is 2-transitive, we claim that there exists a lifting matrix Y € R+)x(+1) for 7

defined as
l o a -+ «
a a B - B
Yi=|a b «
B
a B - B «

for some $ € [0,1]. This fact follows by a similar argument as the one used in the proof of
Proposition 3.52. Indeed, 2-transitivity implies that for every pair i, j € {1,...,n + 1} such that
i —j=1and ¢ < n — i, there exists some h{ ; € G such that h{ ;(i) = j and h{ ;(j) = i + { hence
Yij=Yiw

Next, we exhibit a lifting matrix for some 2° € LS~ *' (P) obtained by, starting from Z, inducing

the first k; variables to 0. We proceed by induction over the finite set {1, ..., k; }. The base case

follows by noting that, by the definition of Z being in LS%(P) and by construction of Y, there exists
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a point %! € LSE™!(P) whose lifting matrix can be described as

1 0 o/ﬂx(n_l)
Y= 0 0 Opguoy)

&L-1yx1 Om—1)x1 zZ%

where o/ = (a — 8)/(1 — a) € [0, 1], by definition when inducing a variable to 0, and Z%! is some
matrix in [0, 1]~V* (=1 whose diagonal is given by o’e,,_;. We symmetrize Y'*! with respect to
the group G4, i.e., we consider ﬁz es gY %1, In other words, this reduces to fixing the first row
and column of Y%! and symmetrizing the (n — 1) x (n — 1) matrix Z%!. Since (i, is 2-transitive
on {2,...,n}, following the proof of Proposition 3.52, for every pairi,j € {2,...,n + 1} such
thati — j = 1 and ¢ < n — i, there exists some h{ ; € Gy such that h{ (i) = j and hf ;(j) =i + ¢,
hence 72’]-1 = 7;):;@. This implies that 7 = 't + B (em-1)x(n-1) — In—1). In consequence,

the symmetrization of Y'*'! with respect to the group (; is given by

1 0 1] (n_1)
Y= 0 0 O1x(n-1)
—0,1
O/l(n—l)xl O(n—l)xl Z
Next, suppose that we have induced the first 1 < &’ < k; variables to 0, so there exists some

20+ e LSEF(P)n fixg,,, (P) whose lifting matrix, which is G'jj)-invariant, can be written as

1 O1xhr O/lllTx(n—k/)

70;1,...,k/ .
= 0p %1 O/ xpr Or'x(n—ky | >

. —0,1,.. K
A" Lin—iyx1 Opm—ryxi 2

where 70;1"“’” = "I + B"(em-t)x(m-r) — In-i) for some o, 3" € [0,1]. By defini-
tion, we have that 70;1""’143/(60 —e) € K(Lsg_(k/H)(P)) for all i € [n] and diag(?O;l""’kl) =

(1,04, " 1,_)T. By inducing i = &’ + 1 to 0 we have that & := (0j41,0,4)" € LSp~* Y (p),
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where & := (o — 8”)/(1 — ), and with a lifting matrix given by

1 01 (kr41) O/lllTx (n—k')
YOl KR Ok +1)x1 Owinxw+1)  Owanx(n—+1)) | -
"1yt O w1y 200D
Since G, g41 is 2-transitive on the set of variables {k’ + 1,...,n}, we can fix the first &’ + 1
rows and columns, and by the arguments given before we can symmetrize Z%'¥*1 obtaining
ZM = Gy ey + Ble e yein-en) — T

In consequence, it is straightforward to verify that after k; + k- rounds of LSy, where where we
induced k; variables to 0 and then k£, variables to 1, we end up with a lifting matrix Y associated to

a point 2’ € LS{(P) described as

T ~
1 01><k1 11><I<:2 Qe1xm
Okl x1 Okl x k1 Ok’l X ko Okl Xn

]-k:2><1 Okgxkl 1k:2><k‘2 dek‘gXﬁ

aenxi  Onxk,  O€rxk, Z

where & € [0, 1] and Z is some GJy, 4x,)-invariant matrix in [0, 1] whose diagonal is given by
&eﬁ. O
Proof of Theorem 3.2. Let 1 < k < n andletT € LSE(P). For k = n the claim follows by results
in [148], [152]. Assume that & < n. Starting from Z, suppose we induce the first k; variables to 0,
and the next ks variables to 1 such that ky + ko < k. Let 7@ := n — (k; + ko). By taking symmetrized

lifting matrix from Lemma 3.53 and using the fact that |fixg(P)| = 1, by Proposition 3.17 since

P is not full-dimensional, we obtain a point in LS} (P) givenby & = >, K, € T D icr G€; Where
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Ky:={ki+1,..., k1 + ko} and R := [n] \ [k1 + k2], and lifting matrix associated to Z:

T ~
1 01><k1 11><k2 Qe1xm
0k1><1 Okl x k1 Ok’l X ko Okl Xn

1k2><1 Okgxkl 1/€2><k‘2 &ek‘gxﬁ

aenx1  Onxk,  O€mxk, Z

/= d]ﬁ"‘ B(eﬁxﬁ — Iﬁ)

- _k ~ ~2_ ~
where G := #2=k2) 4pg § .= T2

a since
n n—1

ke + 1+ (1 —1)= = ko + T1cv. (3.55)

O T

Indeed, this equality follows since |fixg(P)| = 1, which implies that the Reynolds operator applied
to the point obtained after inducing on new variable coincides with that applied to . In particular,
the sums of their components must agree, yielding (3.55).

We claim that Y is positive semidefinite. Indeed, by taking Schur’s complement of Y, psdness

of Y can be reduced to

Okl x k1 Ok’l X ko Okl Xn Okl><1
Y i O Okgxkl 1/4:2><k‘2 dek‘gxﬁ - 1k2><1 (Oklxl 1k‘2><1 546kg><n) i O
OﬁXkl &eﬁXkQ Z 656’{)2 X1

— W= (d - d2)]ﬁ+ (6 - 552)(6ﬁ><ﬁ - ]ﬁ) Z 0

We show that 1 is diagonally dominant, i.e., that for i € [n] we have that |W; ;| — > i \W..;| > 0.
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Since 8 — a2 < 0 it follows that

Wil =Y Wil =a—a”— (m—1)(a - B)

JF
=a—-na"+(n—1)p
=a—na’+na* —a
=0.
In consequence, all the symmetrized lifting matrices are positive semidefinite. [

3.9 Extension: A Procedure for Analyzing the SA Rank

By now, we have seen the strength of Theorem 3.9. As noted in the introduction, its power lies in
the “single-step” characterization of SA, in contrast to the iterative construction of the LS operators.
In particular, this proposition allows us to reason about high levels of the hierarchy by examining
specific points in P that lie on faces of [0, 1]™. In other words, understanding the intersections of P
with the faces of [0, 1]™ suffices to characterize the hierarchy — this is independent of whether P is
symmetric or not. If P is (k + 1)-transitive, these conditions can be verified efficiently, namely in
time polynomial in the encoding length of P and k.

In this section, we leverage Theorem 3.9 to extend the proof technique from Section 3.7.3
to construct fractional solutions to the Sherali-Adams relaxation in settings where P is highly
symmetric but not necessarily integer-empty. The question here is different: we know that SA*(P) #
() for all k, so the goal is no longer to certify integer-emptiness, we would like to establish how large
k needs to be for SA*(P) = P;. Previously, the approach was as follows: finding a point in M*(P)
immediately implied that the £-th level fails to capture the integer structure of P. In the present
setting, however, the existence of y € M*(P) does not by itself imply that the k-th level has not
reached the integer hull.

Instead, the goal is to construct a fractional point y € M*(P) whose projection proj,(y) €
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SA*(P) lies outside P; and which persists at high levels (large k) of the hierarchy. Such points can
then be used to derive lower bounds on either the Sherali-Adams rank of P or the rank of valid
inequalities for P;.

If we were interested in a minimization problem whose group of formulation symmetries
G(A,b,c), see Section 3.2.2, is transitive, so that the objective lies in the span of the all-ones vector,
then a natural approach is to construct fractional points y € M*(P) supported on points in P with
small objective value and, for simplicity, small support. While small support is not essential, it
simplifies the computations and aligns with our goal of a parsimonious technique for deriving
bounds in highly symmetric problems.

To certify that proj,(y) ¢ P, it suffices to exhibit a valid inequality for P; that is violated by
proj,.(y). In that case, we can conclude that the Sherali-Adams rank of P is strictly greater than k.
In this sense, the construction aims to produce points that “fool” the relaxation while remaining
feasible for M*(P).

We proceed by describing the assumptions needed to apply this generalization to P, which are
weaker than those used in our previous analysis. We then establish the validity of the approach by
revisiting the arguments in Section 3.7. While this construction does not guarantee the existence of a
point in SA* (P) \ Py, Sections 3.9.3, 3.9.4, and 3.9.5 demonstrate that the strategy can nevertheless

be effective.

3.9.1 Proof of the Generalization by Revisiting Section 3.7

Suppose that P C [0, 1]" is a (k + 1)-transitive polytope, not necessarily integer-empty. Let

G < G(P).

1. Construction of points from M°(P). Leti € N fixed with i < k. We assume that, for

¢ €{0,...,i}, the following sets are nonempty

Pp=Pn{xe|0,1]" : z; =1foralli e [¢],z; =O0forall j € [k] \ [{]}. (3.56)
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For i < k, we note that this assumption is weaker than assuming that P intersects all the (n — k)-
dimensional faces of [0, 1]”. Moreover, we assume that dim(F7,) > 0.
Since P, is nonempty, for each /, there exists some x' € P,. Then, as in Section 3.7, by

(k + 1)-transitivity of G we can construct the points

7' = Py, (x) = (;,—1/ u Ay, ..., ) €EP, (3.57)
¢ k—¢ n—k
for some A, € [0, 1]. Notice that in Section 3.7.3 we deduced that A, € (0,1) for ¢ € {0,...,k};
however, this need not hold if P contains integer points. Let * < ¢ denote the smallest integer such
that: Ay € (0,1) forall £ € {0,...,i* — 1} and A;« = 0. We note that ¢* # 0 since dim(Fp) > 0.
From this point on, for the sake of simplicity, we write i* by simply ¢, and define A =
(Ao, oy Ay Ajyry oo, Ap)F where A = 0fori+1<j <k.
Next, for a fixed 2-partition Jy U J; = S C [n] with |S| = kand |/;] = ¢ € {0,...,i} we

define, as in (3.22), the points

0 ifje s,
—J0,J1

T =91 ifj e J, (3.58)

A, ifjen]\S.

\

Following an argument similar to the proof of Lemma 3.38, we have that the points (1,77:/1)

belong to M°(P). We stress that this holds for 2-partitions with |.J;| < i.

2. System of constraints defining 7. We give sufficient conditions for the existence of 7 € M*(P)
supported on the points previously defined, i.e., points 70/t with |Jy LI J;| = k such that |J;| < 4.

To this end, we modify Lemma 3.39 by imposing some extra conditions on 7 and \.
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Lemma 3.54. Consider the following system in the variables 7y, ..., YVkr1 € R, Ao, ..., Az €R

AR~y = A(1,0,...,0), (3.59a)
Ny
1= <€) Ao (3.59b)

kE—1
n=> (e B 1)Ae, (3.59¢)
bk
n=y ( g) Ay, (3.59d)

=0
Ao = %(—1)7“ (k B £>%+f vl e {0,1,... kY, (3.59)
r=0 "
N=0 Yelitl,. . . k) (3.591)
=0 Yeeli+1,.. . k+1}, (3.592)
0<Ay<1, 7=1, (3.59h)
where we abbreviate \ = (Ao, ..., \x) and v = (V1,...,Vk+1)- Suppose the system admits a

solution (3,7, \) with \y > 0 forall ¢ € {0, ... i}.

Then 7 € M*(P) where

Uy =7y Jorall I C[n], with |I| <k+ 1. (3.60)

To prove Lemma 3.54, we follow the steps in our proof of Lemma 3.39 and show that the
argument carries through. Assume that (7,7, \) is a solution to the system (3.54). For each subset
S C [n], and every 2-partition Jy U J; = S with |S| = k, we let 770/t and 27°:/1 (%) be as in (3.3).
To show thaty € M* (P), we verify that the conditions (i) and (ii) from Theorem 3.9 hold.

We begin with (i). To this end, observe that for ¢ = |.J;| € {0,...,:}, we have by assumption

k—¢
. ) k-0 -
yéO,Jl _ E (_1)|H|leuH — § <_1) ( . )'YH_[ =X > 0. (3.61)
HCJo r=0
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Thus, 2701 () = 307 /5", If i+ 1 < |Ji| < k, then we have 7;"”"* = X5, = 0 and
2 (g) = y™t hence 2701 () ¢ MO(P).

Next, we show that condition (i) holds for 2-partitions of the form J, = [k] \ [¢], J1 = [{]
for £ € {0,...,i}. As in Section 3.7.3, we abbreviate 2(7) = PN\ (g) and 7 = G\,
This condition is readily verified since 2*(7) = (1,7") holds for £ € {0, ..., i} by the exact same
arguments as in Section 3.7.3. We remark that the equality % = fﬁ, for j ¢ [k], is captured by
the (-th row of A%~y = Ay(1,0,...,0), i.e., constraints (3.59a). As for the remaining rows with
indices 1 + 1 < ¢ < k, since A, = 0 for ¢+ < ¢ < k and constraints (3.59g) enforce v, = 0 for

1 < <k+1,all terms in

k+1
. kE—1¢ k-1
SR DECEl | (e R G T A

r=0+1

vanish, and hence these rows are trivially satisfied.

The verification of condition (i), i.e., J; = >_; 17 _g y@JO 12007 (7) for every I C [n] with
|I| < 1, is straightforward. Indeed, the only difference with Section 3.7 is that in this case 2-
partitions with ¢ + 1 < |J;| < k have yJO U — (). Equations (3.59b), (3.59¢) and (3.59d) readily
hold.

3. Solution to the system defining 7. Our characterization of the det A% only depends on the
entries of © € R**! and its length ¢ € N (see Lemmas 3.41 and 3.44). Hence, for our choice of

© = Aandt = k we have

Zk: (T> ﬁAJ f[ (3.62)

r=0 =0 Jj=r+1
-1

g u

(k> A TT =) (3.63)
0

r . )
7=0 Jj=r+1

r=

since HJ —0Aj=0fori+1<r <kand 1 — A;) = 1. We note that wk > 0 since every

Jj= z+1(

summand is nonnegative and the first one, i.e., for » = 0, is strictly positive. By a similar argument
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we have that

k
W = Z(lﬁf)HA [T -2 (3.64)

j=r+1

is strictly positive for 1 < ¢ < 4. In particular, wZ;é A= lfori+1</¢<k.

.....

4. Solution to the general system. Finally, we define a vector (7,7, A) € R?**3 and show that it

satisfies all constraints of Lemma 3.54. In particular, for ¢ € {0,. .., k}, we define
=
= JJ S H A;). (3.65)
Aj=0  j=t+1

For ¢ € [i + 1], we define

k—¢
WA, A . .
AV (kfe—nk) if £ <4,
pZA — WAy 1y
A ifl=i+1

These scalars are well-defined since wﬁze A, > 0. Then define 7y € RF1 as

1111

PaTe-r if L€ [i+1]
Ny = (3.66)
0 iftek+1]\[i+1]

and 7, := 1.

Notice that the solutions defined above share the same structure as those in Section 3.7.3. The
only modification is that the entries of v and A are set to zero from index ¢ + 1 onward. Consequently,
constraints (3.59h) are immediately satisfied: \ € [0, 1]%+! follows directly from A € [0, 1]**! and
the definition of \; and (¥,,7%) € [0, 1)**2 since 7, = 1 and p € (0,1) forall £ € [i] and p’{* = 0.
Moreover, constraints (3.59f) hold by definition (3.65) together with our definition of A. Similarly,
constraints (3.59f) follow from the construction of 7 in (3.66).

As noted earlier, the determinant of A% depends only on the entries of © (and hence on its
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length t), and not on any structural properties of ©. Therefore, Lemma 3.45 implies that the /-th
constraint in (3.59a), for ¢ € {0, ... i}, is satisfied. Rows i + 1 onwards in (3.59a) are trivially

k—1

satisfied. Moreover, constraint (3.59d) is satisfied by the definition of A, wh and W’ A,- Seein

Section 3.7.3 the verification of constraint (3.24d).

Next, recall that constraints (3.59¢) correspond to system (3.47). The matrix @)y in (3.47),
which defines the bijective relationship between ~ and ), is an invertible upper-triangular matrix.
Hence, we readily verify that our solution 5, = A\, = O for £ € {i + 1,...,k} is consistent with

these constraints. In turn, system (3.47) is equivalent to (3.50). Since, for each ¢ € {0,..., k},

equation (3.51) holds by the identity (3.64), we conclude that constraints (3.59¢) are satisfied by

(707 77 )‘) .
Finally, observe that the first two rows of (3.50) correspond to (3.24b) and (3.24¢), completing

the proof.

3.9.2 The Procedure

Let P C [0, 1]" be a (k + 1)-transitive polytope. We describe next a general technique, which
relies on Lemma 3.54, for constructing fractional points in y € M*(P) with small objective value.
The goal is to obtain a point proj,(y) ¢ P;. To certify this, it suffices to exhibit a valid inequality
for Py that is violated by proj,(y).

The key idea is to use supporting points associated with 2-partitions of subsets of [n] of
cardinality k£ containing at most ¢ ones. In particular, we focus on points with few ones and many
zeros (or, equivalently, by applying the affine transformation 1 — = to P, few zeros and many
ones). As discussed earlier, for problems whose objective is in the span of 1, the goal is to identify
parameters ¢ and k& such that the resulting point has small total mass Z?Zl x;. If we are minimizing,
this increases the chance of violating a known valid inequality for P, such as an objective (or

cardinality) constraint.

Step 0) Consider the affine transformation ) : R — R" defined by Q(x) := 1 — x to P and obtain

P’ == Q(P). We note that affine transformations are (permutation) symmetry-preserving,
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since they preserve the face lattice, and SA rank preserving. We note that although the affine

map () preserves the face lattice of P, it reverses the roles of the 0- and 1-faces of [0, 1]™.

Thus, the hypercube-face intersection pattern of P is mapped to the complementary hypercube

faces. We use this as a heuristic to obtain a larger k.

Step 1) Identify the largest k such that P intersects all of the (n — k)-dimensional faces [0, 1]". Apply

the same procedure to P’, and denote the resulting value by £’. Among these, choose the

polytope corresponding to max {k, k’'}. From this point onward, we fix this polytope and

denote by P, with parameter k.

Step 2) For ¢ € {0, ..., k}, compute points

zt=(1,...,1,0,...,0,Ap...,A) € P,
J4 k—¢ —k

Find i < k as in Section 3.9.1. If # = 0, return to Step 1) and replace P by Q(P).

Step 3) Use (3.59b) to compute w¥k, i.e.,

— 1
)\0 =Tk (1 - Aj)?
_ 1 :
Al = —kAo H(l - Az)>
“a i=2
_ i—1
AZ - w_k HA]
A0
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Step 5) Finally, compute 7, with (3.59d)

Step 6) Then, x* := 7,1 is a solution to system (3.54), by Lemma 3.54 we have 2* € SA’“(P).

Step 7) Given a known valid inequality for P;, say ax > b, we check whether z* violates it. If the
inequality is satisfied and £ > 1, we either return to Step 2) and select a smaller value of k, or

return to Step 1) and replace P with Q(P).

In the following sections, we present three applications of this template. Our procedure recovers
the known ranks for these problems. Since these bounds are known (value of k), we do not

necessarily follow the bound computed in Step 1); accordingly, those instructions are omitted.

3.9.3 Maximum Stable Set

We show how we can easily derive the the SA bound in [145] using our procedure outlined
in 3.9.2. We note that this bound matches the LS bound in [148].
Consider the vertex formulation for the LP relaxation of the Maximum Stable Set polytope on

the complete graph K,, given by

P =PS(K,)={zeR" : Vi,jen],i<jz+r;<1, 0<x<1}

This polytope is n-transitive but it is not integer-empty. Indeed, its integer points are 0 and
e;, for i € [n], where e; denotes the i-th vector of the canonical basis of R”. It is known that
PPS = SA™2(P%5) C SA™3(PS9). Clearly, OPT := max {1z : x € P5% x € {0,1}"}is 1,
hence > | z; < 1is valid for Py®.

We can readily see that the largest k in Step 1) for P is k = n — 1 (since for Q(P>°) we have

k" = 1). Since the rank is known to be n — 2, and our goal is to certify this bound, we set & = n — 3.
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Then, we compute i* = 1 as in Step 2) by consider the following points which belong to P**:

We define A; := 0 for 2 < 7 < n — 3 since we notice that there are no more points in P55 with
nonzero integer coordinates. Moreover, we pick A = % and A; = 0.

For Step 3), we compute wz_?’. We have,

i

WZBIZ(TLZS)EAJ‘ ﬁ (1-4y)

¢=0 j=t+1
n—3 n—3

_< 0 )(1—A1)+( ] )Ao
n—3

=1
+ 2

_n—l

2

Next, for Step 4) we compute the weights \g and \; as

Hence, * = 11 € SA"?(P%) and its objective is 5 = 1+ —=. We know that >/, z; < 1
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is valid for P?S. Since z* violates this inequality, it follows that Py is strictly contained in

SA™ 3(PS9%). Thus, we recover the bound in [145].

It is straightforward to verify that if we had chosen k = n — 2, then the resulting point would

belong to P75, as expected since SA"_Q(PSS ) = PISS . Indeed, wZ_Z = % hence Xo = % and

A1 = 2, hence 7, = 1. Notice that 7,1 € conv({rz; : m € G(P*%)}) C P{¥.

3.9.4 Minimum Knapsack

Consider the minimum knapsack polytope PX defined in Section 3.3:

u 1
PE=SzecR": ;> =, 0<zx<1ly,.
n {SL’ ;%_2 ST S }

(3.68)

We apply our template 3.9.2 with £ = n — 1. As in Section 3.9.3 consider the following points

which belong to PX:

1
o 5
n—1 N~~~

i
H<o

We define A, := 0 for 2 < j <n — 1, and notice that Ay = % and A; = 0.

With (3.64) we compute wZ’l

n—2

Wr = <n81> [T -2+ (nzl)ﬁo

=0

<.

n—1
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Next, we compute the weights Ay and \; using (3.65). Indeed,

— 1 2
Ao = 1-A)) =

0 wZ_l( 1) n+1
_ 1 1
M =—=Np= .

1 wz_l 0 n+ 1

Finally, 7, can be computed using (3.59d),

n—1\-— n—1\—
71:( 0 )A0A0+< 1 >)\1A1

1

n+1

Thus, 2* == —51 € SA" '(PK). Since Y " | x; > 1 is valid for the integer hull of P/ and it
is violated by z*, it follows that the SA rank of P,f( is n. In other words, we recover the bound

in [145].

3.9.5 Knapsack-Cover Inequalities

In this section, we apply our procedure to the knapsack-cover relaxation of the Minimum
Knapsack problem, a stronger alternative to the standard LP relaxation discussed in the previous
section. We begin by recalling the problem and introducing the knapsack-cover inequalities.

The knapsack cover problem consists of n items, each with a covering capacity u; > 0 and a
cost ¢; > 0. Our aim is to select a subset of items of minimum cost whose total covering capacity is

at least a given demand D > 0, i.e.,

min {i CiT; ia@uz > D,z € {0, 1}”} )
i—1 i—1

The straightforward linear relaxation, where we replace the constraint € {0, 1}" by x € [0, 1],
has an unbounded integrality gap. The knapsack-cover inequalities, introduced in [178] and later

popularized by [179], correspond to a set of valid inequalities that reduced the integrality gap to 2,
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and are given by

> wu(S) = D(S)  forall S C [n],
igS

where D(S) := max{D — > . _qu;,0} and @;(S) = min{D(S), u;}.

An important open problem, particularly relevant for approximation algorithms, is how to obtain
relaxations with smaller integrality gaps. [174], [175] show that even after a sublinear number of
rounds k& = o(n) of the Sherali-Adams hierarchy (as well as for the semidefinite strengthening LS,
of the Lovasz-Schrijver hierarchy), the integrality gap still remains 2. Later, [140] proves that even
after Q(log(n)'~¢) (for any £ > 0) rounds of the stronger Sum-of-Squares (Lasserre) SDP hierarchy,
the integrality gap remains 2.

In what follows, we apply the template developed in Section 3.9.2 and recover the same result
for the Sherali-Adams relaxation as [174], [175]. Unlike their approach, which requires proposing
the full vector y € M*(P) from scratch, we just need to provide vectors that belong to P intersected
with each of the (n — k)-dimensional faces of the hypercube; a significantly simpler task.

Consider the instance of knapsack cover where u; = 1 and ¢; = 1 for all i € [n], and

D=1+ # The linear relaxation with knapsack-cover inequalities® for this instance is

min Zwlzxz > l—i-m, | Z z;>1land 0 < z; <1foralli € [n]
i=1 i=1 jemN\{i}
Let P denote the feasible region of this linear program. We will show SA*(P) contains a
solution  with ° | z; = 1 + O(£). As the optimal integral solution of this LP has value 2, this
shows that if k& = k(n) grows sublinearly on n (for example, & = n'~° for some § > 0) then

> i, x; converges to 1, hence implying that the integrality gap remains 2.
Proposition 3.55. For any k < n/2, there exists a vector v € SA"(P) with value Y ©; =
1+0(E).

Proof. Consider any number k& < n/2. We obtain an explicit vector in SA*(P) by using the

3As Kurpisz et al. [140] observed, the inequality S > 14 ﬁ is redundant in this formulation and thus it
can be omitted, which yields the polytope studied by [174], [175].

211



construction from Section 3.9.2. We follow the notation from that section. Observe first that the
polytope P is S,-invariant. Hence P is n-transitive, and therefore (k 4 1)-transitive. Observe that

the following vectors belong to P:

1 1
EOI 07' 707 ) ) )
W—/p—k—l n—k—lJ
k n—k
zi=1|1,0 0 L L
- ) AR ) 7n_k7"'7n_k b
k ~ ~~
n—=k

k n—k

Hence Ay = Ay = % and Ay, =0 forall = 2,... k. Notice thati = 2.

kl’

Next, we compute wk following Step 3). Indeed,

s=3 ()T TTa-a

(=0 =0 j=f+1

i) (i > (s (Y[

1 L k +1 k k—1
n—k n—-k—1 2\n—-%k-1 n—=k

2n—k—-1)(n—-k)—2(n—k—1)+2k(n—k) +k(k—1)
B 2(n—k—1)(n—k)

_2n% —2nk — 4dn + k* 4 3k + 2

B 2(n —k—1)(n — k)
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Then

wh 1 whk n—k
k

— 1 1 1

AT Ay = — ,
M whk 0211( ) wi(n—k—l)

K
— 1 1 1 1
AT Ay = — ,

A wk =Y 1211( ) wZ(n—k—l)(n—k)

and \, = 0 for all ¢ > 3.

Finally, the vector z* := 7,1 belongs to SA*(P), where 7, can be computed using (3.59¢):

(1)
7 (=) () () e

n—1

wi(n—k—=1)(n—k)

=2
I
S| = EM“

Consequently, its objective value is

— n(n—1)
;x A —k—1)(n—k)
2n(n —1)
T 202 —2nk —4n+ k2 + 3k + 2
_ 1-(1/n)
+ (1/2)(k/n)? = (k/n) + (3/2)(k/n?) — (2/n) + (1/n?)

1
—Tag/n)zl—i-@(k‘/n).
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3.10 Conclusions

In this chapter, we studied the behavior of LP- and SDP-based hierarchies under symmetry,
focusing on their ability to certify integer-emptiness of polytopes contained in the binary cube. We
developed a unified framework that provides bounds on the number of iterations required by these
hierarchies.

Our main result shows that symmetry imposes intrinsic limitations: the “more symmetric”
P is, the larger is the number of rounds for which the hierarchies “collapse” — that is, they can
either all certify integer-emptiness, or none do. This phenomenon provides a general explanation
for the observed difficulty of strengthening relaxations in highly symmetric settings, where more
sophisticated operators can perform no better than simpler ones.

A notable feature of our approach is that our results do not depend on any specific class of
polytopes, relying only on symmetry. As a consequence, our framework recovers several results
from the literature and yields new insights as direct corollaries. In addition, we established structural
properties of symmetric operators and polytopes that are of independent interest.

Overall, our results identify a structural condition under which lift-and-project hierarchies are
provably ineffective: high symmetry together with the property of intersecting every (n — k)-

dimensional face of the hypercube.
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Chapter 4: Conclusions and Future Work

In this dissertation, we have designed and analyzed convex relaxations for a fundamental
problem in power systems, as well as for structured integer programs.

On the power systems side, we developed linear relaxations that are accurate, numerically stable,
warm-startable, and scalable. These methods provide valuable information to system operators,
enabling rapid assessment of the quality of operating points. Moreover, they push the limits of
algorithmic development for power systems by making it possible to solve large-scale day-ahead
problems, at fine temporal granularity, involving millions of variables and constraints. In addition,
these relaxations show strong potential for computing nodal energy prices and for anticipating
network congestion in multi-day-ahead settings. Their effectiveness stems from leveraging the
underlying structure of the problem, with tightness achieved by preserving essential properties of
AC-feasible solutions.

On the integer programming side, we provide structural contributions to the study of symmetry
in optimization and new insights into the behavior of convex relaxations in symmetric settings. By
parametrizing symmetry through the concept of k-transitivity, we show that symmetry is not an all-
or-nothing property but rather admits different levels. This new perspective allows us to characterize
when lift-and-project operators are effective or ineffective as proof systems for certifying integer-
emptiness. Our work also introduces the notion of k-resistance, which provides a finer lens for
analyzing integrality gaps and better reflects the behavior of modern solution methods such as
branch-and-cut, namely, whether a given fractional face can be eliminated at a node of the search
tree. Beyond advancing theoretical understanding, these results inform the design of stronger
formulations and have direct implications for practitioners and solver developers.

By focusing on scalability and structure, this dissertation advances both domain-specific appli-

cations in power systems and the broader development of optimization methodology, highlighting
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the central role of carefully designed relaxations in large-scale optimization.

Future Directions: Optimization for the Next-Generatior Power Grid On the power systems
side, key directions include the design of fast heuristics for large-scale multi-period ACOPF,
the deployment of these methods in collaboration with system operators, and the extension of
linearly constrained relaxations to more complex settings such as unit commitment, security
constraints, and risk-aware models. On the theoretical and algorithmic fronts, important challenges
include understanding the computational complexity of ACOPF, refining SDP-based techniques,
strengthening relaxations through improved modeling choices — specially the representation of
power losses — and better understanding why large-scale SOCP relaxations of ACOPF remain
challenging for modern conic solvers. Despite the sparse and highly structured nature of the conic
constraints considered in this dissertation, these relaxations can be substantially more difficult to
solve in practice than their LP-based outer-approximations. Determining the extent to which this
phenomenon is driven by numerical issues, algorithmic design, or solver implementation remains
an important open question.

In electricity markets, a central direction is to move beyond empirical evaluation toward a
principled understanding of true prices, potentially via higher-order convex relaxations, and how
well computed prices approximate them. Another key direction is the study of price nonuniqueness,
where different solvers may yield different prices for the same instance. Understanding and
quantifying this phenomenon is essential for assessing the robustness of market outcomes. More

broadly, these ideas can be extended to other nonconvex markets.

Future Directions: Symmetries in Optimization Extending the analysis to stronger hierarchies,
such as the Lasserre (SoS) hierarchy, and to other classes of cutting-plane methods and closures
is a natural next step. Such an extension will likely require new techniques. For example, for
the cropped cube, Lasserre certifies infeasibility in at most n — 1 rounds [180], whereas SA and
LS. require n rounds. This suggests that the relationship between symmetry and hierarchy rank is

sensitive to hierarchy-specific features beyond those exhibited by SA and LS, .
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Understanding the role of subsymmetries and their impact on relaxations is particularly relevant
in practice. From a structural perspective, further characterizing k-transitive polytopes and the
evolution of the integrality gap in symmetric settings remains an important open problem. More
broadly, these directions point toward the development of new algorithms that are robust to symmetry
or capable of exploiting it constructively. Given the limitations of k-transitive symmetries, an
important direction is to move beyond permutation actions on variables and capture more general

forms of symmetry.
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Appendix A: Additional Proofs and Computational Results

A.1 Reformulating Maximum Angle Difference Constraints as Thermal Limits

We show that maximum angle-difference constraints can be modeled as thermal limit constraints.

Consider an arbitrary branch {k, m} € £ and let its admittance matrix be given by

sh
2

o

—Y—s y+ &

1 1
) = Yo

sh
2

Ykm =

where iy = g + jb denotes its series admittance, y*" = ¢g*" 4 jb*" its shunt admittance, 7 > 0 the
magnitude of the transformer ratio, and o its phase shift angle. Recall that complex power injected
at bus k into the branch {k, m} is given by Sk, = Vi I},,. Since Sk, = Prp + jQkm, We have that
P2+ @z = (Vily, ) (VeI ) = |Vil|*|11m|?. In what follows, we will isolate the dependence of
| I |* on Oy, First, we define

4

(9> +b?)
7—2

FUVi], Vi) = Vil* + |Vinl*.

T

Notice that f is a convex quadratic function since g, —b, 7 > 0, g**,b** > 0, and b*" < |b], see

Section 2.2. Using (A.10), we can write

[ Tem|? = F(Val, [Vin]) + Vil |Vin| co8(Orm — ) + w|Vi|Vin| sin(@prm, — o)

= FUVil, Vinl) 4+ Vil [Vin| (¢ co8(Okm — 0) + w sin(Okm — 0))

where ¢ = & (—2¢* — 20> — gg*" — bb*") and w = (gb*" — bg*"). Given the assumptions on the

branch parameters, ¢ < 0 and w > 0. Therefore, assuming |0y, — 0| < 5» which is typically
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satisfied in practice, as both phase shifts o and angle differences are small (often a few degrees),

| Tem|? is maximized over Ogp, at Oy, = Ay < 5. This implies that

P + Qe < VAl F(IViL, [Vaal) + Vil [ Vil (¥ c08(A gy — 0) + wsin(A oy — )

= S([Vil [Vinl)

Since S is monotone increasing in |Vi| and |V}, |, defining S = min {Ug ny, SV, Vimax)},

yields the valid thermal limit constraint P2+ Q3 < S.

A.2 i2 SOCP Stronger than Jabr SOCP

In what follows, we exhibit an example of a 2-bus network with reasonable transmission-line
parameters for which a feasible point of the Jabr SOCP relaxation is not feasible for the i2 SOCP.!
Let k denote the ‘from’ bus and m the ‘to’ bus. Recall that the linearized power flow defini-

tions (2.13) for a line (k, m) are given by:

P = Gra0t?) + GomCoom + BrmSkm (A.1a)
P = Grm®? + GokCrm — B Siem (A.1b)
Qum = — Bty — BianCrm + GromSkm (A.lc)
Qi = —Bmm?? — BpiCim — Gk Stm. (A.1d)

Moreover, the voltage and line capacity constraints are:

(‘/kmin)Q S Ul(f) S (V;Cmax)2 (A2a)
(VnTin)2 < Uﬂz) < (Vgax)2 (A2b)
max{PZ, + Q.. Poy + Q) < Uy (A.2¢)

A generative Al tool assisted in finding a smaller network exhibiting this phenomenon. The example was verified
by the author.
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We will consider the following subsystems:

[Jabr] (A.1), (A.2) (A.3a)
o+ 85 < V0P (A.3b)
and

li2] (A.1), (A.2) (A.4a)
Z](j’BL = akmvl(c2) + ﬁkmvg) + VemCrm + CemSkm (A.4b)
P, + Qb < vlig) (A.4c)

Utke,m
0<i? < Abm (A.4d)

(Vkm1n>

Without loss of generality, we assume that power generation is unconstrained.

Next, we fix the line parameters. Indeed, consider
= =103, g L =b" =0 =1 =0, Upy =10
T{km} = T{k,m} = v 9kmy = Y%kmy =Y Tem = L, Okm = U, {k;m}y = 1U.

In particular, this corresponds to a simple transmission line with neither shunt admittance nor

transformer. This choice of parameters implies that

"'{k,m} —T{k,m}

G{km} = =500, bmy = = —500. (A.5)
Pkm) + T leam) Pkm) + Tlem)
Therefore, y my = 500 — 5007, and the admittance matrix is given by
y -y 500 — 5500  —500 + 7500
Yim = = . (A.6)
-y Yy —500 + 7500 500 — 5500
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Using (A.13) we compute the coefficients
A = Brom = 9oy 00kmy = 5-10°, Yem = =2(90kmy +0(kmy) = —10°  Gom = 0. (A7)

Finally, assume

V=V =09, VEe=yme=11,

Next, we check that the solution 17,({2) = @SZ) = 1, Cim = 0.9995, 51, = 0 is feasible for the

subsystem (A.3). Indeed, by (A.6) we can write the power flow equations as:

Prom = 50002 — 500¢4m + 5005,
P = 50002 — 500¢4m, — 5008k
Qrm = 5000 — 500¢sm — 50084

Qi = 50002 — 500¢4m + 5008 m-

Therefore, we have that Py, = P, = Qpm = Qi = 500(1 — 0.9995) = 0.25. Moreover, the

Jabr inequality is satisfied since &2, + 52, = 0.99952 < 1 = 5.”5?. The line capacity constraint

is satisfied since P2+ Q% = 0.0625 < 10. In consequence, this solution is feasible for the
subsystem (A.3).

On the other hand, using (A.7) we can write the constraint which defines z,(j% as

i = 5.10°(W + 0@ = 2¢4m), (A.8)
while an upper bound on 21(43277)1 is given by

Uk,m
i) < 19 3457,
(Vkrnln)

235



By substituing our solution 17,22) =32 = 1, Crm = 0.9995 in (A.8) we obtain

(

km

il 2) =500 > 12.3457,

yielding a contradiction. Therefore, this candidate solution is not feasible for the subsystem (A.4).

A.3 Definition of the i2 Variable

Let the admittance matrix for line {km} be

sh
<y+ 5 ) = Yrw

sh
2

Y = =G+ jB

_y# y+y

where y = ¢ + jb denotes it’s series admittance, shunt admittance is denoted by y*" = ¢** + jb*",
and N = 7¢’? denotes the transformer ratio of magnitude 7 > 0 and phase shift angle o.
Recall that Ohm’s Law states that the current flowing from bus & to m through the transmission
Tim Vi

line {km} is given by =Y , hence I}, = ¢ (%Vk — ej”Vm) + Vk%. Therefore,
Imk vm

the modulus of [, squared is

Lo |” = Tem Ly,

y (1 ; YN (Y (1 e T
=(Z(2v, — eV, Vi 2| 2y — oy V.
(T (T L )+ k272> (T (T BTC m>+ kore

2

) ) ‘ 1 ' shx
- M Vi —eV,,| +2Re ¥ Vi — €7V, Vk*y
T2 |7 TA\T 272
1
+ 4_T4|?/5h\2|‘/k|2- (A9
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Notice that

1 ) shx* 1 1 )
Re [Q (—Vk — e]”Vm> Vk*y 5 } = —Re {yys}‘* (—Vk — eJ”Vm> Vk*}
T
1 .
= —Re {yys}‘* (—|V;€|2 — eJ”VmV}:)}
T T

— Litgg™ ) (/P
—|Vi||Vin| cos(Ogm — o))

— (ngh — ngh)]VkHVm] sin(O,, — J)]

since yy*™* = (gg*" + bb*") + j(bg*" — gb*"). Moreover, the first term of the RHS of (A.9) can be

written as
ly* |1 j ’ > (1 2 2 2
— |=Vi =€V = S | SIVel” +1Vil™ — =|Vil|Vin| cos(0gm — 0)
T2 |7 72 \ 712 T
Putting everything together yields
s () (1, 2 2
im|* = ~———{ 5 IVil® + [Vil® = Vil [Vin| cos(Opm — 0) (A.10a)
T T T
1 1
25 (a4 0 (I = Vil cos(Bun — ) ) (A.10b)
— (bg*" — gb*") V| Vi $in (O — 0)] (A.10¢c)
1
+— (g + ") Vi, (A.10d)
4T

Since |V ||Vin| cos(Okm — 0) = Crm c08(0) + Sk sin(o) and | Vi || Vi | sin(Ogp, — 0) = Sgm cos(o) —

Ckm Sin(o’) we can represent z,(frzl = |Irm 2 linearly, in terms of the fundamental variables v,(f),vr(,z),
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Clm, and S, as

2407 1 2
iy, = (g—t) (—21;,(3) + 1)7(3) — —(Crm cos(0) + Skm sin(a)))
T T T

1 1
+ pcy [(QQSh + bb*") (;U,(f) — (Crm c08(0) + Skm sin(a)))

— (8™ — g5)(skm 05(0) — i 5i1(0)]

1 sh sh. (2)
(g 24+b Q)Uk:

+ -
474

= &kmvg) + Bkmvy(s) + VemCem + Ckmskm7

where

1 sh2 + bsh?
s = 2 (62 48+ (g o) 4 L)

4
1= L2V
= =5 (cos() (=20 + 1) — (g™ + ™) + sin(o) (™ — 1)
Chom = = % (sin(0)(=2(g + b%) — (99" + bb*)) — cos() (bg™ — gb*™)) .

A.4 Superoptimality and SOCPs

Consider the following SOCP

1] p:= min c'x
subject to:
lyill2 < ti i € [m]
yi = A+ b, i€ [m]

ti=c,x+d; i€ [m]
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Its dual is given by

2] d:= min Ab— Z(uzd, + v, b;)

1=1

subject to:

vill2 < w; i€ [m]

¢l =ATA+ Z(viTAi + chZT)

=1

)\,Ui 20

Lemma A.l. Suppose that [1] is strictly feasible and p > —oo. Then strong duality holds,

i.e., D = d, and there exists an optimal primal-dual pair (%, (Y, t:)icim))» (N, (Ui, Ws)iepm)). Let

(@, (Ui, ti)icpm)) be an e-feasible solution to the primal problem [1], i.e., it satisfies
e = max {max{b; — A/ & : i € [m]}, max{||Gill — & : i € [m]}}.

Then,

'@ 2P — (ML + l1all). (A.14)
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Proof. Let e, the all-ones vector in R™. Then,

TE =N Ai+ Z(UZTA,x + U] )
i=1
>N (0~ cen) + > (O] (G — b) +wlls — ;)
i=1

=\ b—eH)\H1+2v i + Uit;) Z (] b; + ;)

=1 =1

>p— el Mu+ D> @ G + w2 — €))

i=1

=P — el — ellmlly + > @] i + Wwll7]2)

=1

> — (Ml + [[al)y),

where the last inequality follows since if ||T; s < %; then =0, §; < |[Us|2]|7ill2 < Wsl|9:]|2 for all

i € [m]. O

A.5 Warm-Started Relaxation for 7' = 12, 24
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A.6 On the Inequivalence of the Matrices L(X) and IV

Proposition A.2. Let X € C™" and W € R?*™?" be arbitrary rank-one matrices. Then, there

does not exist an orthogonal matrix Q € R*"?" such that W = QL(X)Q".

Proof. Assume, to the contrary, that there exists some orthogonal matrix ) € R?"*?" such that
W = QL(X)QT. Since orthogonal similarity transformations preserve rank, and Lemma A.3

implies that L(X) is rank-two, we have that rank 1/ = 2, which is a contradiction. U]
Lemma A.3. Let X € C"*". Then rank L(X) = 2 - rank X.
Proof. Let z = x + jy € C" where z,y € R™. Consider the R-linear map ¢ : C* — R?" given by

#(2) = (x,y)". We note that

Xz=0 <= (RX +jSX)(z +jy) =0

— (RXz—SXy)+j(SXz+RXy) =0

RX —SX
<
SX  RX
— L(X) =0
Yy

Next, let B be a basis for ker V. By the above and since ¢ is injective, we have that dim ker L(X') >
|B|. We show that dim ker L(X) = 2 - |B|. For an arbitrary z = = + jy € C", we remark that
clearly z and jz C-linearly dependent, while ¢(z) and ¢(jz) are R-linearly independent. Indeed,
#(jz) = (—y, )" hence ¢(z) is orthogonal to ¢(jz). Since for different z, 2’ € B, we have that z
and jz' are C-linearly independent, hence dim ker L(X') > 2 - | B|. Finally, this inequality cannot
be strict since if it were, there would be some (i, §) € ker L(X) such that ¢~'(Z, ) € ker V is not

spanned by B. O
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A.7 Proof of a Result on Valid Inequalities for Polytopes

The following proposition is based on Exercise 3.14 of [12, Chapter 3]. For completeness, we

provide a proof, which relies on the following auxiliary lemma.

Lemma A4. Let P := {x € R" : Ax > b} be a polytope such that dim(P) > 0. Then the system

of inequalities Ax < b is infeasible.
Proof. Let P’ denote the polyhedron described by Az < b. Suppose, for contradiction, that there
exists y € P’. Then, for any z € P we have that

Ay < b < Ax.

Hence, A(z — y) > 0. In particular, the latter holds for any point x, in the relative interior of P,
which is nonempty since dim(P) > 0. As x is in the relative interior of P, at least one inequality

a; x > b; is inactive at xg, i.e., a; Tg > b;. Let r := 1o — y. Then

T T

afr = alzy—aly>b—aly >0,

and therefore r # 0. Together with Ar > 0, this implies that r is a nonzero recession direction of
P, contradicting the fact that P is bounded. 0

Proposition A.5. Let P := {x € R™ : Ax > b} be a polytope such that dim(P) > 0. Then an

inequality o x > f3 is valid for P if and only there exists u > 0 such that A"u = o and b"u = §.

Proof. We first prove sufficiency. Let € R” that belongs to P, i.e., Az > b. Since there exists

u > 0suchthat ATu = aand b'u = 3, we have

a'r=u"Ar>u'b= B.

Since x was arbitrary, the inequality o'« > £ is valid for P.
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Next, we prove necessity. Since P is a polytope the linear program 3* := min{a'z : z € P}
has a finite optimal value, i.e., 5* € R. By LP strong duality, there exists an optimal dual solution
u* > 0 which satisfies A"u* = o and b'u* = B*. If 3* = 3 the claim follows immediately.
Otherwise, if §* > f3, it remains to construct a dual-feasible (but non-optimal) solution z > 0 with
objective value b ' = 3 < 3*. To complete the proof, it suffices to show that there exists a vector
d > Osuch that ATd = 0 with b'd = —1. Indeed, let A := 3* — 3 and define u := u* + Ad.
Since u*,d > 0 and A > 0 we have @ > 0. Moreover, A't = ATu* + AATd = o and
b'"u=0b"u*+ Ab'd = B* — A = 3. Hence, @ is dual feasible and satisfies b' & = /3, proving the
claim. It therefore remains to establish the existence of such a vector d.

To this end, observe that the existence of d is equivalent to the linear program
min{b'd : ATd=0,d> 0}

being unbounded. By Farkas’ Lemma, the latter is equivalent to the infeasibility of the system

Ax < b, which follows from Lemma A.4. This completes the proof. [

A.8 Sherali-Adams Decomposition Lemma: A Complete Proof

To make this appendix self-contained, we recall the notation and definitions from previous

sections that are needed in the proof.

A.8.1 Definitions

For () # S C [n] and subsets Jy, J; C S, we say that (Jy, J;) is a 2-partition of S if JyU J; = S
and Jo N J; = (), and we denote it as Jy LI J; = S. Letd,k,n € Nygwithk +1 <nandd < k.

Giveny € |0, 1](S'?+1>, for S C [n] with |S| = d and J, U J; = S, we define:

AT
Jo,J " Jo,J L
vt =Y D)y oo, 0 y) = (A.15)
HCJy y}IO,Jl if ybfmh -0,
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forevery I C [n] with |I| < k+ 1 —d.

For any S C [n] with |S| = k, each 2-partition Jy L J; = S induces the k-junta

Fy(Jo, (@) = [ (1 =) [] -

j€Jdo JEN

When no confusion can arise, we omit the subscript and simply write F'(Jy, J;)(z). Its multilin-

earization in the y-space can be written as

[F(Jo, W) @), = > (=)™ y0m,

HCJy

where [ - |, denotes the multilinearization operator acting on polynomial expressions by first applying
the identities 27 = x; for every i € [n], then replacing each monomial [[,_; x;, where I C [n], with
yr, setting yr;y = x;, and yp = 1.

Let P C [0,1]" be a polytope described by > 7, a; jv; — b; > 0, € [m]. Using this notation,
we follow the original definition of Sherali and Adams [150] and write M*(P) as follows:
(SA-0) yo = 1;

(SA-1) For each 2-partition Jy LI J; = S C [n] with |S| < min{k + 1,n},

> (=)lyy0m > 0;

HCJp

(SA-2) For each i € [m] and each 2-partition Jy U J; = S C [n]| with |S| <k,

Z (‘1)|H‘ (Z @i jY 5 0{jYuH — biyjluH> > 0.

HCJo j=1
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A.8.2 Simple Facts

Remark A.6. Recall that for any y € [0, 1](S’:+1> and S C [n], we have that

w= >

Jo,J1g[n] JouJ1=8S

This is a well-known fact. In particular, it implies that if y € Mk(P), for any 0 < k < n, this sum

is strictly positive and it equals 1.

We first establish some simple, well-known facts.

Lemma A.7. Let y € [0, 1](S’?+1), JoUW Jy =S C [n] be a 2-partition with |S| < d, and I C [n] be

an arbitrary subset with |I| < k + 1 — d. Then the following statements hold.
i) VR, T C [n], such that | RUT| < dand RN'T # (), we have ZHQR(—l)‘H@TUIUH = 0.

ii) If 1N Jy # 0, then y]>” = 0;

iii) y7" =y =y In particular, if I C i, then y" =y

iv) Fori € [n]\ S, it holds that y}”"*“'" = y}]&{‘?} and y*P U = ol y}]fj{‘];} and

v) Fori € [n|\ S, we have F(Jy, J1)(z) = F(Jo U {i}, J1)(z) + F(Jy, J1 U {i})(x). This
implies that to describe M it suffices to consider SA-1 constraints induced by 2-partitions of

cardinality k + 1, and SA-2 constraints induced by 2-partitions of cardinality k.

Proof. i) Leti € RN T. Then forany I C [n] with |I| < k + 1 — d we have

Z(—l)lH‘yTquHZ Z (_1)|H‘yTUIUH+ Z (—1)|H|yTu1uH

HCR HCR: Hi HCR: H>i
= Z (=)™ lyrorom + Z (=) yrorumug
HCR\{i} HCR\{i}
= Z (_1)‘H|yTUIUH_ Z <_1)|H‘yTUIUH
HCR\{i} HCR\{i}
=0.
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ii) Leti € I N Jy. Then y‘]o = y}’i’%{iu{i} = 0 where the last equality follows by 1).

Jo,J1

iii) We note that ;"' can be written as

SN
Z (_1)|H|?/J1UIUH = Z (_1)|H‘yJ1u(I\J1) y&}f = Z (_1)|H‘y(J1\I)UIUH =Yy Jo- 71

HCJo HCJo HCJo

iv) Let i € [n]. Then it follows that y;° SO s (DY nugun = y}fg{‘?} Next, we show

yIJOU{i}Jl y}fo WJi y}lg{‘h} Indeed,

Jou{i},
y o = Z (—D)™y om0

HCJoU{:i}

= Z <_1)|H‘yJ1UHUI + Z (—1)‘H|leuHul
HCJoU{i}: HFi HCJoU{i}: H>i

= Z (—1)y om0 — Z (=) umorog
HCJo HCJo

=y = uil

v) Fori € [n] \ S, we have

F(J(), Jl)(l’) = (1 —x; + l’l)F(J(), J1)<LL’> = F(Jo U {Z}, Jl)($) + F(Jo, Jl U {Z})(J?)

Hence, for every inequality a'z—b>0of P,

[F(JO,Jl)(m)(aTx—b)}L [ (JoU{i}, J1)(x)(a x—b)h

+ [F(Jo, s U{iP (@) (a e = b)]

]

Remark A.8. For y € [0, 1](S’?+1> and any 2-partition Jy U J; = S C [n] with |S| < k + 1, we note

that statement ii) of Lemma A.7 implies that 2> (y) = 0 for i € .Jy, while statement iii) implies

that zJO “(y) = 1 fori € Jy, unless yJO 1 — (. Indeed, by iii), we have yJO = J" Tifie Jp;
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Jo,J
hence 2> (y) = y,z—Ji = 1.
Yo
The following fact should be known but we are not aware of a formal proof. This is key when

we use the decomposition lemma to induce on a variable y; which is integral.

Lemma A.9. Let y € M*(P) and let i € [n] such that y; € {0,1}. Then, for every I C [n] with

|I| < k, we have that yiu = yr if yi = 1, whereas yu = 0if y; = 0.

Proof. We show that the above relations are implied by SA-1 constraints.

If y; = 0, then y; ;3 = 0. We prove that the inequality y; — yrup;; > 0 holds. We proceed
by induction on the cardinality of /. The base case I = {j} C [n] follows since y; — y;; > 0
corresponds to the SA-1 constraint induced by the 2-partition Jy Ll J; = {j} LI {i}. Next, suppose
that the statement holds for any I of cardinality 0 < ¢ < k — 1. Consider I C [n] such that
|I| = ¢+ 1. Forsome j € I we write I = (I \ {j}) U {j}. Then, the SA-1 constraint induced by
the 2-partition Jo LI J; = {j} U (( \ {j}) U {i}) is given by y(n\ (j1)us} — ¥rugy = 0. By induction
hypothesis we have that y; — y(n (;}ugy > 0, hence y; — yrugy > 0. Since for every S C [n] with
|S| < k + 1, the SA-1 constraint yg > 0 is induced by the 2-partition ) LI S = S, and we assumed

that y; = 0, we conclude that yr ;3 = 0.

If y; = 1, then y; ;;; = y;. First, notice that the constraint y; — y;ug;; > 0 is induced by the
2-partition JyLIJ; = {i} 1. We show by induction on the cardinality of I that y; g;; —y; > 0 holds
if y; = 1. We assume that i ¢ [ else it the inequality trivially holds. The base case I = {j} C [n]
follows by noticing that the 2-partition Jy U J; = {i, 7} U 0 induces yg — y; — y; + yi; > 0. Since
y € M*(P) we have that yy = 1, hence y; = 1 implies y;; — y; > 0. Next, suppose that the
inequality y;ug;y — yr = 0 holds for any I of cardinality 0 < ¢ < k — 1. We show that it holds for

|I| = ¢+ 1. We do this by cases. First, assume that |/| = ¢ + 1 is odd and consider the inequality
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induced by the 2-partition Jo U J; = ({i} U T) U . Indeed,

T S O D DI C VS S S GO

HC{i}uI HC{i}UI : H#i HC{i}UI: H>i
= )My + > (=) o
HCI HCI
=D (=DM yg+ (CDHly = (=) lypugy + (1) g
HCI HCI
= —Yr + Yru{i}

where in the last equality we used the induction hypothesis yuupy = yu forall |[H| < |I| = £+ 1,
and that |/| is odd.

Next, we address the case where |I| = ¢ + 1 is even. Since ¢ > 1, we can pick an arbitrary
j € I and write I’ := I \ {j}. Consider the 2-partition Jo LI J; = ({i} U ") U {j}. The inequality

induced by this 2-partition, » ;i o (=D)Hlyg 0y > 0, can be written as

0< > DMymogy+ Y ()M

HC{iluI' : Hi HC{iYuI’ - H>i
=Y ED"yrogy + > DM Y ruGi00
HCI HCI
= (D™Myrogy + C0Myrogy = Y (D yrogon + (DT oo
HCI' HCI'
= — Y1 + Y1}

where in the last equality we used the induction hypothesis yyug 0y = yaugy forall [H U {5} <
¢+ 1, and that |I’| is odd.

Since yr — yrugiy = 0, we conclude that y;ugy = yrif y; = 1. O
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A.8.3 The Proof

We present a complete proof of a one-round version of the decomposition lemma for Sherali—
Adams. This is a well-known result, and a partial proof of the implication y € M*(P) = 1) and
2) below appears in [149]. For completeness, we provide a full proof, including the converse
implication and the case in which the variables on which we induce are integral, neither of which is

addressed in [149].

Lemma A.10. Ler y € [0, 1}<Skn+1). Then y € MF(P) if and only if for every i € [n] the following
hold:

1. 2H0(y) € MFL(P) ifyéi}’w > 0, and 2" (y) € M¥1(P) ifyg’{i} > 0, and

n

<k—d +1) coordinates can be expressed as the convex combina-

2. The restriction of y to its first (

tion of points 27071 (y), namely,

b0 {i},0 0.{i} 0.{i
yr = yd M0 ) 4 gy B2 ) for 1 C ),

I| <k (A.16)

Proof. Lety € [0, 1]<S£+1).

y € MF(P) implies 1) and 2). We fix an arbitrary i € [n]. First, assume that yq{)i}’m > 0 and
yéi}’m > 0. We will show that z19(y) and 2%} (y) belong to M*~1(P). To this end, we show that

20 (y) and 221 (y) satisfy the constraints SA-0, SA-1, and SA-2 (see Section A.8.1). Notice that

(i}.0 yy 0.{i} vy .
25 (y) = 4w = 1and 2" (y) = “j7 = 1, hence we are done verifying SA-0.
Yo Yp

SA-1 Constraints Fix some 7' C [n] of cardinality k£ and consider an arbitrary 2-partition 7 LI 7} =

T'. Recall that every 2-partition induces a k-junta. We note that it suffices to consider k-juntas since

they imply j-juntas with j < k by Lemma A.7. We show that z{1}9(y) satisfies SA-1 inequalities.

250



Indeed, consider the sum

Z (_1)|H‘Z%}Lﬁq(y) = }}7@ <Z (—1)|H|(?JT1UH - yTluHu{i})>

HCT, y(z{) HCTy

1

Y Z (_1)‘H|yT1UH+ Z <_1)|H‘+1yT1UHU{i}
Yo HCToU{i}: Hi HCTy:H%i
1 /

= a7 > EO¥ynon+ D> (=) lynom
Yy HCToU{i}: H¥i H'CToU{i}: H'>i
1 |

= o | > D"yron | (A.17)
Y HCToU{i}

We claim that the RHS of (A.17) is nonnegative. Indeed, if i ¢ T}, then (Tp U {i}) LU T} is a
2-partition such that |(Tp U {i}) U T| < k -+ 1; hence, the RHS is nonnegative since y € M*(P). If
¢ € 17 then by Lemma A.7 the RHS is 0.

Next, we show that 2%{%} (1) satisfies SA-1 inequalities. We can write

; 1
Y ()M W) = 5 (Z (—1>'H'yT1uHu{i}> . (A.18)

0
HCT, Yo HCTy

We claim that the RHS of (A.18) is nonnegative. Indeed, if i ¢ Tj, then Ty U (77 U {i}) is a
2-partition such that | Ty U (T} U {i})| < k -+ 1; hence, the RHS is nonnegative since y € M*(P). If

1 € Ty then again by Lemma A.7 the RHS is 0.

SA-2 Constraints Fix 7' C [n] with |T| = k — 1 and consider a 2-partition 7, U7} = T. Let

a'x > bbe an arbitrary inequality of P. We show that z{"}9(y)) satisfies the associated SA-2 type
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constraint. We can write

S (=i (Z a2 o (U) — bz%fu?q@))

HCT, j=1

{ } 0 Z |H| (Z(aijlu{j}UH - aijlu{j}uHu{i}) - (byTluH - byTluHU{i})>

HCT, j=1

1 n
Y Z (_1)|H‘ (Z ajYTu{jluE — byTwH)

Yo HCTOUL{E)  H j=1

1
+ {i},0 Z ( |H‘ <Z A;YTU{jYuH — byT1UH>

7j=1

Y9 mCTL{} j=1

We claim that the RHS of (A.19) is nonnegative. Indeed, if i ¢ T3, then (Tp U {i}) LU T} is a
2-partition such that |(Ty U {i}) LU T1| < k; hence, the RHS is nonnegative since y € M*(P). If
1 € T then by Lemma A.7 the RHS is 0.

Next, we show that 21} (y) satisfies the associated SA-2 type constraint. Indeed,

0,{¢ 0,
Z |H‘ (Z a]le{U{j}UH (y) — bZTl{Lj{(y))

~ 04y W{} Z ! (Z a5YTu{jyuHU{i} — byT1UHU{i})) (A.20)

J=1

We claim that the RHS of (A.20) is nonnegative. Indeed, if i ¢ Tj, then Ty U (77 U {i}) is a
2-partition such that [Ty U (77 U {i})| < k; hence, the RHS is nonnegative since y € M*(P). If

1 € Tj then again by Lemma A.7 the RHS is 0.

In consequence, 1) follows if y{ }@, yq{) 0. Finally, notice 2) is satisfied by construction
since
i}, _{i},0 0.{i} _0.{i i},0 0.{i
w2 )+ O ) = g Y = (= o) + o = (A.21)
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for I C [n] with || < k, where yq{)i}’w + yg’{i} = 1 since yy = 1.

Next, we prove the cases where either yéi}’w or y%im is equal to 0 (notice that both cannot be 0 by
Remark A.6 and the fact that yyp = 1). First, consider the case yéi}’w =0, 1.e., y; = 1. This implies

204 (y) = 4, Since y € M*(P), the equalities (A.18) and (A.20) imply that 2%} ¢ M*¥~1(P).

Moreover, 2) follows since, for I C [n]| with || < &,
ib,0 {i},0 0,{i} _0,{: 0,{:
us M ) 4y P ) = 0 = o = i (A.22)

where the last equality is implied by Lemma A.9.
An analogous argument can be used for the case yg’{i} = 0, 1e., y; = 0. We have that
A0 (y) = yt+0 hence 2110 (y) € M*(P) since y € M*(P) and equations (A.17) and (A.19) hold.

Condition 2) is satisfied since
i},0 _{i},0 0,{i} _0.{¢ i},0
us P ) + 2 () = o =y -y = e
for I C [n] with || < k. The last equality above also follows by Lemma A.9.

1) and 2) imply y € M*(P). We show that y € M*(P). First, we check that yjy = 1. Indeed, we
have that for arbitrary i € [n],

i}, 0,{7
w=y "y =1 (A.23)

where the first equality follows from Remark A.6 with S = {i}, and the second follows from the
convex combination assumption 2).

We check that y satisfies constraints SA-1. Consider an arbitrary 7" C [n| with |T| = k + 1
and a 2-partition Ty LI 77 = T. First, suppose that Ty # (). Let ¢ € T, be arbitrary. Then, we
may write (T U {i})UTy =T. If yéi}’m > 0, then equation (A.17) implies that y satisfies the
corresponding SA-1 constraint for the 2-partition (7}, LI {i}) U T} = T, since z1}?(y) satisfies the
corresponding constraint for the 2-partition 7j LI 7T} = 7"\ {i}. On the other hand, if yq{)i}’m = 0, then

yg’{i} = 1 by equation (A.23), and y; = y?’{i} = yrugy for all I C [n] such that || < k, follows
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by (A.16). Moreover, by assumption |Ty U 77| < k + 1, which implies that |7}, LI 77| < k. Hence,

by Lemma A.9, we have for all H C T},

Y1ryuHU{} = Y1T,UH- (A.24)

Therefore,

Z (—)"™lypom = Z (=)™ lypum + Z (—D)"™yp0m

HCT{U{i} HCT{U{i}: H>i HCT{U{i}: HZi
= Z (— 1)‘ I+ Yy, UHU{i} T+ Z yTlLJH
HCTY HCT}
== (“)"yrop+ >0 ()P lyron by (A24)
HCTY, HCTY,
= 0.

Next, assume that 77 # (). Let ¢ € T} be arbitrary. Then, we may write Tp U (77 U {i}) = T. If
yg’{i} > 0, then 2211} (y) € M*~'(P) and equation (A.18) imply that y satisfies SA-1 constraints.
Suppose instead that yw A = 0, then equation (A.16) implies that y; = y} 39 for all T C [n] with
|I| < k. Since y{ 0 = Y1 — Y1ufs}» it follows that ;3 = 0. Therefore, y satisfies the SA-1
constraint associated to the 2-partition Ty L (77 L {i}). The above shows that y satisfies all the SA-1
constraints.

To check that y satisfies SA-2 constraints the exact same arguments can be used by considering

any subset 7' C [n]| with |T'| = k and an arbitrary 2-partition 7o LT} = T. O

Finally, we restate and prove the following general version of the Decomposition Lemma, which
appeared as Theorem 3.9 in Section. This result allows us to induce on subsets of variables of

cardinality 1 < d < k and thereby express the restriction of y to its first ( ) coordinates as a

<k— d+1

convex combination of points in lower levels of the Sherali-Adams hierarchy.

Theorem A.11 (Decomposition Lemma). Let P C [0,1]", d,k € Zs¢ such that d < k and
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y € [0, 1]<S£+1). Then y € M¥(P) if and only if for every S C [n] of cardinality d, the following
hold:

1. For every 2-partition Jy U J; = S, we have z70"1(y) € M*~4(P) whenever ygo"]l > 0; and

n

2. The restriction of y to its first ( hdt1

) coordinates can be expressed as the convex combina-

tion of points 27'1(y), namely,

yr = oy, (A.25)

Jo,Jlg[n]:Joquzs
forevery I C [n]with|I| <k—d+ 1.

Proof. The sufficiency follows immediately, since the assumptions hold in particular for the case
d = 1, and Lemma A.10 then implies that y € M*(P). We now prove necessity. We proceed
by induction on d, for 1 < d < k, with k£ and n fixed. The base case follows from Lemma A.10.
Assume that the statement holds for d — 1. We prove it holds for d.

By our induction hypothesis we have that y € M*(P) if and only if for any S C [n] of cardinality
d — 1 the statements 1) and 2) hold. Consider an arbitrary S C [n] of cardinality d and fix any i € S.

We denote S’ := S\ {i}. Therefore, we have that, for every I’ C [n] with |I'| < k — (d — 1) + 1,

yp = > Yy 2 (y). (A.26)

J(),Jlg[n] cJoUJ1 =8’

For JoUJ, = S, setw(Jy, J1) == 2701 (y) € MF==D(P) if ygo"]l > 0. Since i € [n]\ S’ we can
assume that 0 < wy(Jy, J;)®1" < 1 is fractional (we later elaborate on the case wy(Jo, J;)"1} €
{0,1}). Hence, for each 2-partition Jy LI J; = S’, and corresponding w(.Jy, J1), we can apply

Lemma A.10 and obtain: for I C [n] with |I| <k —d+ 1,

wi(Jo, J) = wo(Jo, J) M (w( o, 1)) + we( o, J1)ED T (w( o, 01))
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where 210 (w(Jy, Jy)) and 2% (w(Jy, J1)) belong to MF~¢(P). Next, note that we can write

Jo,J1
i},0 o (Y
A w(do, Jv)) = 2" ( Jo,Jl)
Yp
()
yélo,Jl wy(Jy, Jp){iH0 I

1 1 Jo,J1 Jo,J1
%Io,Jl we(Jo, J1) 100 (7 yIU{z‘})

1 1 JQU{i},Jl

_ ' by Lemma A.7 A27
ng’Jl wy(Jo, Jl){z},wyf , y ( )
and
Jo,J1
0,43 0.4{i Y
25 { }(w(Jo, 1)) = 21{} ( Jo,Jl)
Yo
_ 1 1 ' (yjo7(]1)@7{i}
Yo"t wo(Jo, J1) M9 !
_ 1 1 yJO’J-l
yéfo,Jl wo(Jo, Jp )0 7101
1 1 i
. Jo, Ji0{i} by Lemma A.7 (A.28)

oy wg(Jo, Ji)8 o

Moreover, since 21 (w(Jy, J1)) and 2% (w(Jy, J1)) belong to M*~?(P), we have that
A w( o, 1)) = 20 w( o, 1) = 1.
From equations (A.27)-(A.28) we deduce that
yé.fO"“ww(Jo, Jl){i}’m = ngU{i}’Jla ng’le@<J0, J1)®’{i} = yb]O’JlLJ{i}-

Hence, 2" (w(Jy, J1)) = 2" (y) and 21 (w( o, 1)) = 20" 0 y).

Finally, invoking the induction hypothesis (A.26) together with the identities established above,
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we obtain that for any I C [n] with |[I| < k —d + 1,

yr = Z y@JO’leI(Jo, J1)
J(),Jlg[’n} cJouJ1 =8’
=y (wel IO w o, 1) + wo( o, )M (o, 1))
Jo,Jlg[n} cJouJ1 =8’
— Z yé)JOU{i}:Jl Z}IOU{i},Jl (y) + yélo,J1U{i}ZIJoU{i},J1 (y) (A29)

Jo,J1C[n] : JoUJ1=5"

To, Ty _To,T
_ Z yQ)O 1210 1(y>.

To, T1C [n] ToUT1 =S

Finally, we verify the case where wy(Jy, J;)%1% = 1 (the case wy(Jy, J;)*{# = 0 is analogous).
By definition we have that

J(),Jlu{i}

0,{i
2w (o, 1)) = pronl
0

By Lemma A.10 27" (w(Jy, J1)) € M*9(P), hence we deduce that y;>”"1 = 4o/ > ¢,

Moreover, ygo"]lu{i} = yé"”‘h and y;{ou{i}"h = ygo,h — ylflo"]l follow by Lemma A.7. Hence,

0.{i}

ydou{i}"h = 0. The above also implies 221 (w(Jy, J1)) = 2771 (). Therefore, the summand

in (A.29) can be written as

JoU{a},J1 _Jou{s},J Jo, hU{i} _Jou{s},J Jo, JiU{i} _JoU{s},J
gy I ) g I ) = g OO0 ),

This concludes the proof. O
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